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Abstract

This paper investigates the theoretical and empirical performance of Fisher-Pitman-type
permutation tests for assessing the equality of unknown Poisson mixture distributions. Building
on nonparametric maximum likelihood estimators (NPMLEs) of the mixing distribution, these
tests are theoretically shown to be able to adapt to complicated unspecified structures of count
data and also consistent against their corresponding ANOVA-type alternatives; the latter is a
result in parallel to classic claims made by Robinson (Robinson, 1973). The studied methods are
then applied to a single-cell RNA-seq data obtained from different cell types from brain samples
of autism subjects and healthy controls; empirically, they unveil genes that are differentially
expressed between autism and control subjects yet are missed using common tests. For justifying
their use, rate optimality of NPMLEs is also established in settings similar to nonparametric
Gaussian (Wu and Yang, 2020a) and binomial mixtures (Tian et al., 2017; Vinayak et al., 2019).

Keywords: Fisher-Pitman permutation tests, nonparametric MLE, nonparametric Poisson
mixture, single-cell genomics, minimax risk

1 Introduction

Considering an experiment with multiple samples drawn from multiple populations, distinguishing
possible difference among them in one or more dimensions is a fundamental statistical task. In the
classical test of the null hypothesis of no mean differences, one-way analysis of variance (ANOVA, cf.
Fisher (1925)) F-test is perhaps the most commonly used tool, and is the uniformly most powerful
invariant one under additional normal assumption, c.f. Scheffé (1959, page 50).

Despite its popularity, one-way ANOVA has its competing alternatives. In the context of ran-
domized experiments, Fisher (Fisher, 1935) initialized an ingenious permutation approach as an al-
ternative to performing ANOVA F-test. This idea was later developed further by Pitman (Pitman,
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1938). The resulting procedures, often termed the Fisher-Pitman permutation tests in literature,
achieve the appealing property of being exactly distribution-free and have been suggested in various
contexts as, e.g., when the distributional assumptions of F-tests no longer hold (Marascuilo and
McSweeney, 1977; Still and White, 1981; Berry and Mielke, 1983). Robustness properties have
been further studied empirically (Boik, 1987) and theoretically (Chung and Romano, 2013); power
analyses were also performed in Hoeffding (1952) and Robinson (1973).

Although being originally defined in Euclidean spaces, it is by now well understood that the
ANOVA F-tests and especially their permutation-type alternatives are able to adapt to an arbitrary
metric space. This is via the approach of “interpoint" distance functions (Mielke Jr et al., 1976;
Mielke Jr, 1984) that uses an alternative representation of the F' statistic as a function of between-
and within-group pairwise distances. Thus, through replacing the original Euclidean distance by
any properly defined distance function, the idea of Fisher-Pitman permutation tests is now imple-
mentable in many complicated metric spaces beyond the Euclidean (Anderson, 2001; Mielke and
Berry, 2007; Petersen and Miiller, 2019).

Our study of Fisher-Pitman-type permutation tests stems from the analysis of single-cell RNA-
seq (scRNA-seq) data, and particularly, a framework that was recently promoted in Sarkar and
Stephens (2021). There, the authors described how a separation of measurement and expression
models is able to clarify confusion in modeling scRNA-seq data, and accordingly advocated using
the terminology of Poisson mixtures to unify many existing models (cf. Table 1 in Sarkar and
Stephens (2021)). In detail, thinking about Xi(f) to be the absolute expression of a specific gene
in cell © € [Nji] := {1,2,...,Nji} of subject j € [ng] of population k € [K]|, we are interested
in studying the following model of Xi(f) that is a slight simplification to Sarkar and Stephens’s
Equation (1):

Xg’,) ] )\Ef) ~ Poisson(rgf)/\z(;c)); (measurement model) (1.1)

)\l(,;,“) ~ ng) (expression model) (1.2)

Here TEJI-C) > 0 adjusts the cell “read depth” (cf. Zhang et al. (2020, Page 1)) and in this paper is

assumed to be known; ng) is a properly defined distribution that describes the “expression level"
of the gene in population k and is assumed to have a compact support on the nonnegative real line.
Adopting the statistical terminology, for each k € [K]| and j € [ng], {Xi(f),i =1,...,Nj;} then
independently follow Poisson mixture distributions of point mass functions (PMFs)

oo (k)
W9 () = /0 e—”ﬁ)wg}dcgg’f)(x), 2=0,1,2,...
and a mixing distribution ng) that has to be characterized by a nonparametric model; see Sarkar
and Stephens (2021, Section “Modeling scRNA-seq data") for a discussion of why a nonparametric
model of ng) is preferred in single-cell genomics, though Sarkar and Stephens (2021) did not employ
such Poisson mixtures for individual level differential expression testing, which however is the main
focus of this work.

Based on the observations {Xl(]k )ie [Nji],j € [n], k € [K]} as well as the measure/expression
models (1.1)-(1.2), a natural question to ask is whether there exists any population-level gene



expression difference among the K groups. For this, we propose to leverage a Fisher-Pitman-type
permutation test based on consistent estimators {Qvg-k), j € [k, k € [K]} of the mixing distributions
{Q§~k), j € [k, k € [K]} under Wasserstein metrics, which have received much attention in recent
mixture distribution estimation literature (see, among many others, Nguyen et al. (2013), Tian
et al. (2017), Vinayak et al. (2019), Wu and Yang (2020a), and the references therein). Particularly
appealing choices to us include the NPMLE @§k) and its Poisson-smoothed one h ) (notation to

be introduced by the end of this section); see Section 2 ahead for the detailed deécription of the
testing procedure.

Many methods have been developed for differential expression analysis of scRNA-seq data (Chen
et al., 2019). However, their focus is differential expression between two groups of cells instead of two
groups of individuals. For individual level testing, a standard approach is to add up gene expression
across all the cells (of a particular cell type) of an individual to create a pseudo-bulk sample,
and then apply the methods for differential expression analysis using bulk RNA-seq data, such as
DESeq2 (Love et al., 2014). The novelty of our proposed procedure is that we assess differential
expression across individuals using cell level data instead of pseudo-bulk data. Furthermore, the
proposed tests are shown to be consistent against their ANOVA-type alternatives, i.e., they are
able to asymptotically distinguish the null from any fixed alternative where the “between-group”
variation is larger than the “within-group” variation, a result that sheds insight to the power of the
developed tests and is in line with classic observations (Hoeffding, 1952; Robinson, 1973)*.

As a byproduct of our theoretical study, this paper further justifies the use of NPMLES via estab-
lishing their rate-optimality in estimating the Poisson mixing distribution under the Wasserstein-1
(W1) metric. Although the consistency of the NPMLEs has been established in the literature for
different nonparametric mixture models (cf. Simar (1976) for nonparametric Poisson mixtures; and
Chen (2017) and the references therein for more general models), NPMLEs’ rates of convergence
and their matching to a minimax lower bound are long standing until very recently. Built on the
breakthroughs in binomial (Tian et al., 2017; Vinayak et al., 2019) and Gaussian mixtures (Wu and
Yang, 2020a) (see also Jiang and Zhang (2019) for a related study on the nonparametric likelihood
ratio test) as well as the new analytical techniques devised in Jiao et al. (2015), Wu and Yang
(2016), Jiao et al. (2018), and Han and Shiragur (2020), we are now able to further the optimality
of NPMLESs to the nonparametric Poisson mixtures under minimal assumptions on the true mixing
distribution function. These results yield additional theoretical support for the use of NPMLESs in
our developed tests.

The rest of this paper is organized as follows. Section 2 describes the model setup and studies
the size and power of the proposed permutation tests. Section 3 discusses implementation of the
developed test. The finite-sample performance of the developed (smoothed or not) NPMLE-based
permutation tests is investigated in Section 4. Section 5 applies the studied tests to a real scRNA-
seq data containing single brain nuclei from autism subjects and healthy controls (Velmeshev et al.,
2019) and discover significantly differentially expressed genes that cannot be detected using the
benchmark DESeq2 method applied on pseudo-bulk data (Love et al., 2014). In Section 6, we

'In addition to developing a more flexible non-parametric model, another route to boost the power of differential
expression analysis is to de-noise the scRNA-seq data; see Zhang et al. (2021) for a proposal along that track.



justify the use of NPMLEs in the permutation tests outlined in Section 2 by providing minimax
optimality results for the NPMLE for nonparametric mixture of Poissons. In the last section, Section
7 we provide outline of proofs. All the technical details of the proofs are relegated to a supplement.

Notation. For any two distributions P, @ on the real line, the Wasserstein-1 distance is defined
to be W1 (P, Q) := supgerip, J ¢(dP — dQ), where Lip; represents all 1-Lipschitz functions. For any
distribution P on the nonnegative real line, we define its Poisson smoothed version as

hg(z) == /000 _’\)\de( A), =0,1,2,....

For any two constants a, b, we denote a V b := max{a, b} and a A b := min{a, b}.

2 Permutation tests

2.1 Setup

Throughout this section, it is assumed that the observations are heterogeneous count data { X, jk), 1€
[Njil,j € [ni],k € [K]} with Nj, = Njpn, — oo and ny = ng, — 00 as n = »_ ng — 0.
In contrast, K > 2 is assumed to be a fixed integer. It is further assumed that the probability
measures Q;k)’s in (1.1) have a common support [0, B] for some B > 0 that is known a priori (cf.
appendix Section B for a real implementation) and kept to be fixed in this section; later in Section
6 we will explore a more general setting where B = B,, is allowed to increase with n.

To facilitate the approach to distinguishing differences among the K groups, in addition to
the measurement model (1.1) and the expression model (1.2), a third-layer “population model" is
introduced to encourage independent and identically distributed (i.i.d.) randomness among each ny,
within-group expression models:

i.7.d.

for each k € [K] : (1k)’ e ’Q?(%? "~ Q. (population model) (2.1)

Here O is understood to be a probability measure over the Prohorov-metric topology of the space
of probability measures that are defined on the Borel o-field of [0, B]; details about constructing
Prohorov-metric topology are referred to Pages 72-73 in Billingsley (1999). Following the discussions
in Sarkar and Stephens (2021, Section “Modeling scRNA-seq data"), we do not specify Q. except
for assuming boundedness and well-definedness.

To wrap up, the model considered in this manuscript, summarizing the three layers ((1.1), (1.2),

(2.1)), is:
{X.({“) i € [Njg),j € [nil, k € [K}} are independently distributed with PMFs

ij
/[/OBG (){M R dQ(A )}ko(Q), z=0,1,2,.... (2.2)

Under the above model, it is understood that Q, ..., Qk and K > 2 are fixed, all of which won’t
change with n. Besides Q1,..., Qx and accordingly the random measures Qg.k)’s, the observations

X; (k)’s also depend on the read depths 'r’( ) — ) 55 that are allowed to change with n. We are hence

ij,n
faced with a triangular array of pos51bly highly heterogeneous observations.



2.2 Tests

Under Model (2.2), we are interested in testing the following null hypothesis,
Hy:Q1=0Qy="-=Qk, (2.3)

and aim to detect any population-level difference between groups. Note that here, due to the
incorporation of read depths Tl(jk)’s, the measurements themselves even within each group are gen-
erally not identically distributed; thus, a naive empirical distribution function based test could be
substantially biased.

The main interest of this paper is to explore how robust a Fisher-Pitman-type test can be when
each unobserved subject-level random measure Q;k) is replaced by a plug-in-type estimate égk) and

its Poisson-smoothed version h aw calculated from the measurements X ,X](\Z_)k j To this end,
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J
let’s regulate @gk) as follows.
Definition 2.1. For any j € [ng] and any k € [K]|, an estimator @;k) of Qg.k) is said to be
subject-specific conditionally W1-consistent (shorthanded as “conditionally Wi-consistent”) if it is
(1) a function of Xg?), . ’X](\];j)kj; (i1) of support [0, B]; and (i) satisfying
e{w (2,0 ) Q= 0 as Njy = Ny = o0 (2.4)

for almost all ng) with regard to the measure Q.

We next consider the Poisson-smoothed mixing distribution estimator

o )\I —
- 22~k
h@§k} = /0 e = de (N
based on any conditionally Wi-consistent estimator Qvgk) It justifies the use of smoothed NPMLEs
as an alternative to directly using the original ones; see also Proposition 3.1 in Lambert and Tierney
(1984) for more results as read depths are all forced to be equal.

Theorem 2.1. Suppose Qvgk) 1s conditionally W1-consistent. Then
E{Wl (h@;k),hQ;k)> ’ Qék)} — 0 as Njp = Njgn — 00
for almost all Q;k) with regard to the measure Q.

A particularly appealing candidate estimator of the mixing distribution is the following NPMLE
ng) with read depth incorporated:

@yﬂ € argmax Z log/ e
] 0

Q of support [0,B] i€[Nj,

(k) x
—)\rgf) {)\rij } Y

x5y

1Y

dQ(N). (2.5)

Note that here @§k) may not be unique due to read depths, and if there are multiple choices, pick

any one of them (cf. Remark 3.1). We shall discuss the calculation of @;k) in Section 3. The next
theorem shows that NPMLEs are conditionally W1i-consistent under no further assumptions on the
population measures Qp’s except for the already imposed bounded support one.



Theorem 2.2 (Conditionally Wi-consistency of NPMLEs). Assume Nji = Njin, — 00 as n — 00,
(k) (k)

rij = Tz]n

0,71, and Qk’s have a common fized support [0, B]. We then have the NPMLEs @gk) 's are all

conditionally W1 -consistent.

[v0,71] are uniformly upper and lower bounded by two positive universal constants

Remark 2.1. In the literature, consistency of NPMLESs of mixing distributions under the classical
i.i.d. mixture distribution setup (corresponding to the case with all read depths identical to each
other) has been studied in depth. Notable results include Kiefer and Wolfowitz (1956), Simar (1976),
Pfanzagl (1988); note also the survey by Chen (Chen, 2017). However, although arising naturally
from single-cell genomics modeling, read-depth-incorporated nonparametric mixture distributions
have not received much attention in mathematical statistics and, to our knowledge, Theorem 2.2
delivers the first consistency result for NPMLEs under this heterogeneous setting.

Based on any conditionally Wi-consistent estimators {@gk)} of {Qg-k)} and their Poisson-smoothed
versions h 3w ’s, the proposed ANOVA-type (pseudo-F') test statistics are
i

~ ~ 2
> S om(@al) - by w(el.al)
ﬁ ] kl,kQE[K] jle[nkl],jge[nkQ} kE[K] j1,j2€[nk]

> LT w(eP.ely

ke[K] JIJQG[nk]

and

2 2
DY > Wl(h@m),h@wg)) -2 a X Wl(h hQ(_m)
7 k1,k2€[K] j1€[ng, |,j2€[n,] 7 72 ke[K]  j1,j2€[n] 71 2

B o=

a2 W (h hQ(k>>2
kelk] " 1 jaclng
It is ready to check that these two test statistics both reduce to the original one-way ANOVA statistic
if the examined space is the real space equipped with the Euclidean norm. The studied statistics
then generalize the one-way ANOVA statistics to the Wi-metric measure space with different inputs
(mixing distribution smoothed or not); similar generalizations have been made in various other (non-
)Euclidean spaces (Anderson, 2001; Mielke and Berry, 2007; Petersen and Miiller, 2019).

We then move on to introduce the corresponding permuted ANOVA-type test statistics. To
this end, for each permutation 7 : [n] — [n], let TIPF = (H{’k, H%k) := m1(j,k) represent the
original subject and population indices corresponding to “the j-th subject in the k-th group” after
permutation w. The permuted test statistics are

ko) an ngk 2

Lo r  w(@a) - o a s wi(aphanhy)
P k1,k2€[K] j1€[ng,],j2€[nr,] ke[K] ~ j1,j2€[nk]
T me*) <2y 2
> o4 X w(Qpap)

ke[K] ]17]26[7%]




and

9 2
L 1
> £ Wilhguohgea) = £ S Wilh b )
ko Fae [K] g1 € lny o€y i1 J2 ke[K] J1,J2€[nk] an,k 2k
™ : :
Ff = . 2

2 Wb b )
kE[K] j17j2€[nk] an?’k Q ;

Jjo.k
1 1Ty

The following are the Fisher-Pitman-type permutation tests with nominal level a:

. 1, ifPF"<F|QW™s) >1-a,
T, = J
0, otherwise,
and
. 1, ifPEF<F|QWs)>1-q,
Tha == /
0, otherwise,

where the probability here is only with respect to the random permutation .
As the (Poisson smoothed-)NPMLEs are chosen, the corresponding tests i, and T}, , are speci-
fied as T}, and T}, 4.

2.3 Theory

This subsection provides the necessary theoretical support on the presented tests F™ and F w. Par-
ticular focus is on the asymptotic size and consistency against Robinson-type ANOVA alternatives
(cf. Theorem 3 in Robinson (1973)). To minimize assumptions and for presentation clearness, we
are focused on the following balanced design case:

Assumption 2.1. The design is balanced so that ny = n/K and Nj, = N for j € [ng], k € [K].
In addition, it is assumed that the sets {rg?),i € [N]} are invariant with respect to both j and k.

Remark 2.2. We note that Assumption 2.1 can be weakened in a straightforward manner to allow
for ni./n — 1/K, Nj;’s asymptotically comparable, and the sets {rg-g),i € [Nji]} all weakly converge
to a same probability measure that does not depend on the particular choice of j and k (see Shi et al.
(2020, Proposition 2.2) as well as Deb and Sen (2021) for a similar setup in the recent independence
testing literature). We however do not pursue these tracks but rather leave them to the readers of
interest to verify.

Our first result concerns with the sizes of proposed tests, is of a finite-sample nature, and is a
direct consequence of a long line of literature on permutation-based tests.

Theorem 2.3 (Size validity). We have, for any finite N and n, as long as Hy in (2.3) and As-
sumption 2.1 hold,

P(To=1|Hy) <o and P(Tha =1|Ho) < o

In the following, we are focused on asymptotic results with the balanced design and let N =
N,, — 00 as n — 0o. The next theorem is the main result of this subsection.



Theorem 2.4 (Test consistency). Consider Qvgk) ’s to be conditionally W1 -consistent estimators of

ng) 's. If Assumption 2.1 holds, then the following two statements are true.
(a) Under any fized alternative regarding Qi, ..., Qx such that

(k1) ~(k2)y2
i 2 e{m(eel)}e 3 SEGSGE e

kl#kQG[K}

we have lim P(T, = 1|H1) =1 for each a € (0,1).

n—oo

(b) Under any fized alternative regarding Qx, ..., Qx such that

2
Hyp e Z { ( Q(k),hQ(k)) }< E{Wl<hQ§k1)’thk2>> }

K(K 1) ’
k:17ék226[K]

we have lim P(Thﬂ = 1|Hy ) =1 for each a € (0,1).
n—oo

(2.7)

Specific to (smoothed-)NPMLESs, the following theorem is a direct consequence of Theorems
2.2-2.4.

Corollary 2.1. Suppose Assumption 2.1 and all conditions in Theorem 2.2 hold. Then the following
are true for any o € (0,1).

(a) For any finite N and n, as long as Hy in (2.3) holds, we have
P(To =1|Hy) <a and P(Tj = 1|Ho) <

(b) Concerning any fized alternative Hy (or Hip ), we have
lim P(Ty=1| H)=1 and lim P(Tho=1] Hyp) = 1.
n—oo n—oo

3 Algorithms

This section presents three algorithms to calculate (2.5),
(1) the vertex direction method (VDM), cf. Fedorov (1972), Simar (1976), Wu (1978a), Wu
(1978b), Bohning (1982), and Lindsay (1983a);
(2) the vertex exchange method (VEM), cf. Béhning (1985) and Bohning (1986);

(3) the intra simplex direction method (ISDM), cf. Lesperance and Kalbfleisch (1992).

To simplify the notation, in this section we remove j, k from the subscript and use {X;,7 € [N]}
and {r;,7 € [N]} to denote the sample points and the corresponding read-depths. Moreover, we use
Q to denote the NPMLE defined in (2.5) based on {X;,i € [N] and {ry,i € [N]}. For a discrete
measure G on [0, B] with support points {\,,, m € [M]}, let G(A,,) stand for the mass G assigned
at A, for each m € [M]. We define

Z log [ D Gm)e i (Ary) ™

zE [N] mée[M]
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and its directional derivative from G to d) as

—Ar; r;
(G, 6y) = lim e {@{(1 —€)G D edr} — (G } Z S gA—/\)nLT‘Z()\mri)Xi - L

e—0t
E[N

Here 6, represents the unit measure at A € [0, B]. Lastly, for any two signed measures v and v5 on
the real line, we denote v @ v» as the sum of v; and v, and v © 5 as the sum of vy and —us.

With these notation, we are now ready to present the VDM, VEM, and ISDM algorithms for
calculating Cj

The VDM Algorithm

Step 0 (Initialization). Select a point Ay € (0, B]. Let G1 = ¢, be the initial value. Set the loop
index L = 1.

Step 1 If max ®'(Gp,dy) = 0, then stop and return G. Otherwise, find Ayax = argmax ®'(Gp,dy).
A€[0,B] A€[0,B]

Step 2 Find amax = argmax,¢o 1] (I){(l —a)GL & ozé)\max}.

Step 3 Set Gri1 = (1 — @)GL @ AmaxOi,,,,- Set L =L + 1 and go to Step 1.

The VEM Algorithm

Step 0 (Initialization). Select a point A\; € (0, B]. Let Gi = ¢, be the initial value. Set the loop

index L = 1.
Step 1 If max ®'(Gr,d)) = 0, then stop and return Gp,. Otherwise, find A\pax = argmax ®'(Gp,dy)
A€[0,B] Ae[0,B]
and Apin = argmin ®(Gp,d)), where supp(Gp) stands for the support of G,
Aesupp(Gr)

Step 2 Find apax = argmax,, €[0,1] <I>{GL a5 (aGL( min) (Orpmay © 5)\mm))}

Step 3 Set Grp1 = G @ (amaXGL(Amin)@m o 5Amm)). Set L= L+ 1 and go to Step 1.

The ISDM Algorithm

Step 0 (Initialization). Select a point A\; € (0, B]. Let Gi = ¢, be the initial value. Set the loop
index L = 1.

Step 1 If /\m[ax] ®'(Gp,0)) = 0, then stop and return G7,. Otherwise, find all local maxima Amax,1, - - - , Amax. A"
€0

of A — ®(Gp,dy) on [0, B], where A represents the number of local maxima.

Step 2 Find (Omax,0 - - - » ¥max A7) = argmax <I>{(1 —ag)GL @ a1y, @@ 04/\/5,\%,(,/\[} subject to
QO N

ag > 0,017 >0, ,any >20and g+ a1 +--- +ay = 1.



Step 3 Set Gpy1 = (1 - amax,O)GL @ Olmax,lé)\
Step 1.

® - D Umax N0 Set L = L+ 1 and go to

max,1

The convergence of VDM, VEM, and ISDM is guaranteed by the following theorem.
Theorem 3.1. Assuming r; > 0 for each i € [N]. For each of VDM, VEM and ISDM, if it stops

for some L, then we have ®(Gr) = ®(Q); otherwise, ®(Gr) — @(@) as L — 0.

Remark 3.1. Unlike in the traditional setting where all read depths are identical, when hetero-
geneous read depths are incorporated, although G — ®(G) is still a concave function, there is no
theoretical guarantee about the uniqueness of @’s that maximize the objective function and whether
the maximizer is unique or not is still open. This issue of computational uniqueness shall be com-
pared to the parallel result in Theorem 2.2, which provides theoretical guarantee for the consistency
of an arbitrary maximizer of the objective function as the sample size increases to infinity.

4 Simulation studies

This section aims to show that the two NPMLE-based (smoothed or not) tests presented in Section
2 cannot dominate each other. Throughout the whole section, we fix K = 2 and consider the
following three designs across with several cases of population models.

Designs.

(A) Balanced designs with all read depths set to be 1, ny = ng = 10, and Nj; = 50, 100, and 500
for each j, k.

(B) Balanced designs with read-depth effects with ny = ny = 10 and Nj; = 50, 100 and 500 for
each j, k. In addition, in each round of the simulation, {rl(ll),i € [Ny1]} are ii.d. generated
from Uniform(0.5,1.5) and then let Tz(j]?) = 7'1(11) for each j, k.

(C) A particular unbalanced design motivated by the single-cell RNA-seq data in Section 5 ahead,
with ny = 10,79 = 13 and Nj; be as in Table 1. For each round of the simulation, {rg?),i €
[Nji], j € [ni], k € [K]} are i.i.d. generated from Uniform(0.5,1.5).

Table 1: Njj in the unbalanced design (Design (C))

N1 | Nag | N3q | Nag | Nsai | Ne1 | N7a | Ngq1 | Noa | Niog | N1 | Nopo
388 1142 | 162 | 391 215 | 278 | 284 193 542 106 202 759
N3o | Ng2 | Nso | Ne2 | N7o | Ng2 | No2 | Nio2 | Ni12 | Ni22 | Ni32

415 | 69 327 | 431 | 414 | 451 | 275 | 733 422 65 362

We then move on to specify the population model (2.1) used in our simulation studies. Hereafter,
let Gam(a,b; B) denote a truncated Gamma distribution with a shape parameter a > 0, a rate
parameter b > 0, and with any realization larger than B shrunken to B. Let {Agk),j € [ng], k € [K]}
be i.i.d. generated from Uniform(—1,1).

Population models.

10
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=

1. (a) Q; ~ Gam(14 + A(k ,7/4;50) for each j € [ng], k € [2].
(b) ng) ~ Gam(14 + A(k ,7;50) for each j € [ng], k € [2].
(c) Qg-k) ~ Gam(6 + A k), 1;50) for each j € [ng], k € [2].
2. (a) le ~ Gam(14 + A 7/4 50) for j € [n1] and Qj2) ~ Gam(6 + A 3/4 50) for j € [na].
(b) Q" ~ Gam(14 + A 7/3 50) for j € [m1] and Q'?) ~ Gam(6 + AJ ,1;50) for j € [ny).
(c) le) ~ Gam(14 + A 7/2 50) for j € [n1] and Q(Q) ~ Gam(6 + A(? ,3/2;50) for j € [na.
3. (a Q(l ~ Gam 4+A ,1,20 for j € [n1] and Q( ~ Gam 5+A( ),1,20 for j € [nal.
] J ] ]
(b) le ~ Gam(b + AJ ,1,20) for j € [n1] and Qg ~ Gam(6 + AS ), 1;20) for j € [na].
(c) Q§-1 ~ Gam(6 + Ag ), 1;20) for j € [n1] and Q; ~ Gam(7 + A; ), 1;20) for j € [na].
4. (a o)~ Gamma(11+AY 7, 1;50) for j € [n1] an )~ Gamma(124+AY7 1;50) for 5 € |na|.
QW ~aG AV f dQ¥ ~ G A f
(b) Qg.l ~ Gamma(12+A§1), 1;50) for j € [n1] and Q§2) ~ Gamma(l?)—l—Agz), 1;50) for j € [no).
c o/~ Gamma(13+AY7, 1;50) for j € [n1] an ~ ~ Gamma(14+ A} 1;50) for j € |na|.
QW ~a ALY f QY ~aG AP f

Our focus is on examining as well as comparing the empirical performance of the tests T w and
T h,o With NPMLE calculated using the oracle B. Both of them are based on an exact critical value
approximated by 1,000 Monte Carlo simulations. The underlying nominal significance level is 0.05.
For each setting, 1,000 rounds of simulations were performed. We use VEM to compute NPMLEs
with a stop tolerance 0.01. Optimization in Step 1 and Step 2 in VEM is implemented by the default
interior-point algorithm in Matlab; see the support page of function ‘fmincon’ for further details.

Table 2 shows the empirical sizes and powers (rejection frequencies) of tests T\a and fh,a- In
short, the results confirm our earlier theoretical claims on the sizes and powers of T,, and Th,a in the
different models and balanced designs (Designs (A) and (B)). Moreover, even under the unbalanced
design (Design (C)), T, and fh,a still perform well in terms of their empirical sizes and powers.

Some more detailed comparisons between T, and fh,a are in line. The following observations
depend on the “signal strengths” D and Dy, defined as follows:

D= Bm(@Y, 0P - (E(m(Q, )%} + Bwi(Q, )%} /2 (4.1)
and
Dy, = E{W1(hQ51>, thz))Q} - (E{Wl(thlthgl))Q} + E{W1(h QP> Q(2>) }) /2. (4.2)

First, empirical results for Model 1 illustrates that under Hy, empirical powers are close to the
nominal level a = 0.05, confirming the size validity of fa and 7T} h.- In addition, even under the
unbalanced design (Design (C)), empirical powers are stable and close to the nominal level o = 0.05,
indicating the robustness of the studied tests.

Second, we compare the empirical powers using Models 2, 3, and 4. In Model 2, D is significantly
larger than Dy, and the corresponding empirical powers of T\a are all larger than these of fh,a in all
three considered designs (Designs (A), (B), and (C)). This phenomenon is not surprising to us as
the difference between variation between groups and variation within groups in mixing distributions
is much larger than that in mixture distributions. Therefore, fa is more powerful than T\h@.

In Model 3, D is approximately equal to Dy and the empirical power of fa is smaller than the
empirical power of Th,a when N is small (e.g., 50 and 100). However, the empirical powers of Ta and
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Table 2: Empirical sizes and powers of fa and T\h,a; here D and Dy, are defined in (4.1) and (4.2)

Model 1(a) 1(b) 1(c) 2(a) 2(b) 2(c) 3(a) 3(b) 3(c) 4(a) 4(b) 4(c)

D 0 0 0 059 032 015 099 099 099 099 099 0.99
Dy, 0 0 0 0.22 010 0.03 099 099 099 099 099 0.99
N Empirical sizes/powers for T, under Design (A)

50  0.054 0.050 0.045 0.644 0.595 0.356 0.811 0.772 0.698 0.538 0.501 0.502
100 0.043 0.055 0.053 0.901 0.835 0.583 0.870 0.872 0.843 0.723 0.680 0.668
500 0.049 0.049 0.060 0.996 0.999 0.965 0.952 0.958 0.941 0.850 0.831 0.829

N Empirical sizes/powers for fh,a under Design (A)

50  0.054 0.045 0.049 0.284 0.210 0.111 0.833 0.816 0.767 0.650 0.635 0.624
100 0.038 0.063 0.049 0.371 0.264 0.138 0.896 0.892 0.882 0.797 0.788 0.771
500 0.042 0.047 0.055 0.492 0.309 0.186 0.951 0.961 0.947 0.944 0.924 0.921

N Empirical sizes/powers for Ty, under Design (B)

50  0.044 0.048 0.058 0.644 0.508 0.338 0.796 0.763 0.729 0.559 0.522 0.520
100 0.053 0.050 0.062 0.863 0.779 0.518 0.878 0.862 0.846 0.714 0.735 0.679
500 0.036 0.052 0.054 1.000 0.998 0.972 0.958 0.952 0.939 0.922 0.920 0.913

N Empirical sizes/powers for Th,a under Design (B)

50  0.044 0.050 0.054 0.262 0.193 0.100 0.821 0.806 0.772 0.632 0.619 0.602
100  0.058 0.041 0.053 0.350 0.276 0.132 0.885 0.877 0.858 0.772 0.788 0.759
500 0.036 0.045 0.057 0.501 0.414 0.187 0.956 0.950 0.943 0.932 0.928 0.924

N Empirical sizes/powers for T, under Design (C)
Table 1 0.048 0.050 0.051 0.994 0.988 0.900 0.962 0.940 0.951 0.910 0.904 0.907

N Empirical sizes/powers for T\h,a under Design (C)
Table 1 0.047 0.051 0.052 0.452 0.346 0.173 0.966 0.947 0.952 0.929 0.920 0.922

T h,o are close when N is large. Similar observation applies to Model 4, where D is also approximately
equal to Dy. However, compared to Model 3, the mixing distributions in Model 4 have larger B
and thus the empirical powers of T\h,a are higher than the empirical powers of T\a even for N = 500,
especially under Design (A). Some pilot studies to explain this phenomenon will be put in Section 6,
where we analyze the finite-sample behavior of the NPMLE under an exploratory simplified setting
where all read depths are fixed to be 1. There, the rate of convergence of NPMLE, at the worst
case, is showed to be O(loglog N/log N); in contrast, Lambert and Tierney (1984, Lemma 4.1 and
Theorem 4.1) showed that the Poisson-smoothed NPMLE attains a near-root-n rate of convergence
to the mixture distribution.
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5 Applications to single-cell genomics

This section applies the studied permutation tests to a scRNA-seq data. There has been a large
literature studying fitting RN A-seq data using Poisson mixtures including, e.g., over-dispersed Pois-
son model (Robinson et al., 2010), Poisson-Gamma model (Love et al., 2014; Huang et al., 2018),
Poisson-Beta model (Vu et al., 2016), Poisson-log normal model (Silva et al., 2019), Poisson mixture
model with K-clusters (Rau et al., 2015), finite Poisson mixture models (Wu et al., 2013), zero-
inflated mixture Poisson linear models (Liu et al., 2019), Poisson mixture models with unimodal
mixing distributions (Lu, 2018). Compared to parametric Poisson mixture models, nonparametric
Poisson mixture models haven’t received much attention; some notable exceptions include Bi and
Davuluri (2013), Dadaneh et al. (2018), Sarkar and Stephens (2021), the latter of which was closely
followed by us.

5.1 Data set description

The scRNA-seq data used in this paper is obtained from Velmeshev et al. (2019), which focused
on autism spectrum disorder (ASD) and recorded gene expression of 23 subjects (13 ASD v.s. 10
control) and 18,041 genes for each subject from 17 different cell types and 2 different brain regions.
Here we focus on the brain region prefrontal cortex, which is more relevant to autism disease
etiology. Moreover, each subject has 7 covariates including age, sex, diagnosis, capbatch, seqbatch,
post-mortem interval (PMI), and RNA integrity number (RIN).

We focus on a pre-selected subset including 100 genes (names of the genes put in Table 3) that
were documented to be related to body height; for relation between ASD and body height, see,
e.g., Fukumoto et al. (2011) and Chawarska et al. (2011). In addition to permutation testing with
either estimated mixing distributions or mixture distributions, we also consider DESeq2 (Love et al.,
2014) as a benchmark. In implementing the two considered permutation tests, we adopt a common
strategy to incorporate four covariates age, sex, seqbatch, and RIN. The other two covariates PMI
and capbatch are not significantly associated with gene expression given the other covariates, since
their p-value distributions across all genes are uniform. The corresponding tests were denoted
as T (with the original NPMLE) and fh,Z (with the Poisson-smoothed NPMLE). Details of the
implementation were put in appendix Section B.

5.2 Implementation results

Using T 7, 9 genes are significant under the threshold of false discovery rate (FDR) 0.05 after
multiple testing correction by the Benjamini-Hochberg procedure. Replacing fz by fh 7z, 8 genes
are agmﬁcant under the same threshold of FDR and 7 genes are coincident with significant genes
found by TZ This shows some consistency between TZ and Th Z-

Furthermore, by DESeq2 there are 7 significant genes under the same threshold of FDR and all
of them are coincident with significant genes found by fg. In other words, among significant genes
found by Ty, 78% significant genes are coincident with genes found by DESeq2 and 22% are new
which means fz could enrich the set of significant genes found by the standard method DESeq2.
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Figure 1: Significant genes selected using Mixing (TZ), Mixture (fh z), and DESeq2 methods.

Similarly, 6 genes are coincident with significant genes found by T\h, z. In other words, among
significant genes found by fh’ 7, 75% significant genes are coincident with genes found by DESeq2
and 25% are new which means fh, 7z could enrich the set of significant genes found by the standard
method DESeq2. In one word, both fZ and Th, 7z could enrich the set of significant genes found by
DESeq2. Further details are summarized in Figure 1.

Our results can also be justified by functions of significant genes. For example, fasting blood glu-
cose measurement is not only one of functions of gene DHRS7B, but also related to ASD (Hoirisch-
Clapauch and Nardi, 2019). More such results are summarized in Table 4.

6 Minimax optimality of the Poisson NPMLESs

This section provides additional theoretical support for the use of NPMLEs in forming up the tests
T and Tha in Section 2. To this end, due to the technical challenges, focus is restricted to a
simplified setting of (2.2), where the observations {Xj, i € [N]} independently follow a distribution
of PMF

hQ(a;):/OB —Avd@( A, z=0,1,2,..., (6.1)

where @ is a deterministic measure supported on [0, B] that cannot be characterized by a simple
parametric model. This is exactly the classic nonparametric Poisson mixture setup, and we study
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Table 3: All genes used in Section 5

DST  CHSY3 TSC2 EHD4 HERC1 KIF16B DLGAP1 PIK3CG
ELL ODF2LL. FBXL5 LNX1 ERGIC3 CBFA2T2  FAM20A STAT2
DAP  SSH2 WDR60 SAXO1 FOXP2 SAMD4A TSPAN9 ARAP3
GHR KCNK9 RGL1 SOCS5 ZNF76 ADAMTS2 DHRS7B PNMASC
KIZ SHPRH RBMS3 MFSD2B NR4A3 CCDC171  RAB33A  WDR70
IL16 MTMR3 CDK10 ZNF628 CAPZB ATXN7L3  PSKH1 FGFRL1
BST2 UMAD1 CPED1 ESYT2 LRRC43 SMARCA4 MYOI18A IL17RD
LHX2 FBP2 ZC3H13 SRRM2 NOTCH1 HSD17B3 SBNO1 EIF3H
RLF LAYN SUSD5  DOTIL WARS2 RPS4XP13 PHF11 CDK11B
DAZL CYFIP2 ST7L CWC27  C9orfl52 TOB1-AS1 HIF1IAN  KLHL28
BCL9 LRWD1 LMO7 PTENP1 CEP112  LINCO01572 PPP4R2 UBE2Z
NRK  GCLC PPM1H ITGA9 HIP1R PPP1IR16A POLR3E TANC2
ANKDD1A ZNFT710-AS1 ZRANB2-AS2 DNAJC27-AS1

Table 4: Significant genes on ASD with some literature support. The first column includes names
of genes, the second column includes functions potentially related to ASD, and the third column
includes literatures supports

gene name related functions literatures

DHRS7B fasting blood glucose measurement Hoirisch-Clapauch and Nardi (2019)
WDR60 abnormality of refraction Ezegwui et al. (2014)

EIF3H reaction time measurement Baisch et al. (2017)

LRWD1 insomnia measurement Hohn et al. (2019)

RAB33A bipolar disorder Joshi et al. (2012)

TSPAN9 creatinine measurement Cameron et al. (2017)

WARS2, CDK11B
SMARC4, TOB1-AS1

heel bone mineral density
cholesterol measurement

Calarge and Schlechte (2017)
Benachenhou et al. (2019)
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the nonasymptotic behavior of the following NPMLE

~

Q=  argmax Z log ho(X5). (6.2)
Q of support [0,B] i€[N]

Note that, the above NPMLE is the simplified version of (2.5) with all read depths there forced to

be one.

There has been an enormous literature studying the NPMLE (6.2) under the nonparametric
Poisson mixture model (6.1). Earlier results on the existence, discreteness (of the NPMLE support),
and computation include, among many others, Simar (1976), Laird (1978), Jewell (1982), Lindsay
(1983a), Lindsay (1983b), and Lindsay and Roeder (1993); see also Lindsay (1995) for a survey.
Consistency of NPMLEs were established in, among many others, Kiefer and Wolfowitz (1956),
Simar (1976), and Pfanzagl (1988); see also Chen (2017) for a survey.

Beyond these important results, there has been another track of substantial research that is fo-
cused on establishing the minimax rate in estimating the mixing distribution (mostly on the density
function) of nonparametric Poisson mixtures. Notable results there include, e.g., Zhang (1995), Loh
and Zhang (1996), van de Geer (1996), Hengartner (1997), van de Geer (2003), Roueff and Rydén
(2005), and Rebafka and Roueff (2015). However, to our knowledge, a study on the minimax opti-
mality and the corresponding convergence rates for NPMLEs under a fully nonparametric Poisson
mixture model is still absent from the literature.

We would love to highlight again that, due to the nature of nonasymptotic analysis, all the
parameters in the model, including B, are allowed to change with N. This is a strict generalization
of the “asymptotic” setting in Section 2, where, due to the additional hardness of handling the read
depth as well as for simplifying notation and assumptions, we do not intend to establish similar
nonasymptotic results.

Our first theorem concerns with the NPMLE’s rate of convergence.
Theorem 6.1 (Upper bound of NPMLES).

(a) Suppose there exists a universal constant cy > 0 such that B < cglog N. Then there ezists a
positive constant C = C(cp) such that for all sufficiently large N (> Ny(cp)) we have

~ B log N
< .
sup }E{Wl(Q,Q)} _ClogN10g< \/e)

Q of support [0,B B

(b) Suppose there exist universal strictly positive constants co,Cy and €y € (0,1/3) such that
B € [colog N,CoN/3=%]. Then there exists a strictly positive constant C = C(eg, cg) such
that for all sufficiently large N (> Ny(co, Co, €p)) we have

B

sup }E{Wl(é,@} <O\ i v

Q of support [0,B

Our second theorem concerns with minimax lower bounds in estimating mixing distributions in
model (6.1). Combined with Theorem 6.1, it confirms the NPMLE’s minimax optimality.

Theorem 6.2 (Minimax lower bound of mixing distribution estimation).
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(a) Supposing there exists co > 0 such that B < cylog N it follows that for any N > 3,

inf sup E{W1(Q, Q)
Q Q

) > B o (1600 logN>
~ 24elog N B ’

(b) Supposing there exists ¢y > 0 such that B > colog N, it follows that for any N > 1,

B 3 B
inf E > T AT
1% sgp M(@Q.Q)} > 40¢%\/ colog N

In the above, the infimum and supremum are understood to be taken over all estimators and all

distributions of support [0, B|

Remark 6.1. Under fully nonparametric binomial mixture models, minimax optimal convergence
rates for NPMLEs of mixing distributions were obtained by Vinayak et al. (2019, Section 3) in
terms of the W; distance. Under fully nonparametric binomial and Gaussian mixture models,
Tian et al. (2017, Theorem 1) and Wu and Yang (2020a, Page 1985) obtained optimal convergence
rates for moment-based estimators in terms of Wj distance; see also Polyanskiy and Wu (2020,
Remark 2). Nguyen et al. (2013, Theorems 1 and 2) upper bounded the Wasserstein distance
between mixing distributions by the divergence between the corresponding mixture distributions
under general mixture models, with normal mixture models as an example in Example 2. However,
their results cannot be applied here since Theorem 1 restricts the mixing distribution being discrete
and Theorem 2 is only for convolution mixture models.

7 Proofs

7.1 Proofs of theorems in Section 2

Proof of Theorem 2.1. To simplify notations, we temporarily drop the subject index j and the group
index k in this proof. A restatement of this theorem is then as follows:

suppose there exists an estimator Q = Qn on [0, B] such that E{W1(Q,Q) | Q} — 0 as N =
N, = oo for almost all Q) with regard to the measure Q. Then we have E{Wl(hé, hg) | @} —
0 as N = N, — oo for almost all Q with regard to the measure Q.

This proof consists of three steps. In the first step, we assume both @ and @’s are ordinary
distributions with no randomness and prove that Wl(@,Q) — 0 implies Wl(hé,hQ) — 0. In
the second step, we temporarily forget the third-layer “population model” (2.1) and prove that
E{W1(Q,Q)} — 0 implies E{Wl(h@, hg)} — 0 where the expectation is with respect to randomness
from the “measurement model” (1.1) and “expression model” (1.2). In the third step, the third-layer
“population model” (2.1) gets involved and we complete this proof.

Step 1. Suppose {@} is a sequence of ordinary distributions with no randomness. To prove
that Wl(@,Q) — 0 implies Wl(hé,hQ) — 0, note that Wl(é,Q) — 0 is equivalent to Q LS Q
supplemented with E{|Q|} — E{|Q|} (Panaretos and Zemel, 2019, Section 2.3). Moreover, it follows
from Skorokhod’s representation theorem that we can assume @ % Q. To prove Wl(h@, hg) — 0,
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it suffices to prove that f LN hg and E{h@} — E{hq}, where the second part follows immediately
from E{h@} = E{Q} and E{hg} = E{Q}. For the first part, it follows from e"*\* < (z/e)® for
all A\ € R™ and the dominated convergence theorem that

B T B T
h@(x)—/o e‘A;\!dQ(/\)%/O e—A%dQ(A):hQ(;p).

Step 2. Now suppose {@} is a sequence of estimators for () with randomness from the “measurement
model” (1.1) and “expression model” (1.2). Then it can be proved that Wl(é, Q) 5 0 implies
Wl(hé, hg) 2, 0 based on the result in Step 1 and the fact that a sequence converging in probability
is equivalent to that its every subsequence has a further subsequence that converges almost surely.
To prove E{W1(Q,Q)} — 0 implies E{Wl(h@, hg)} — 0, it suffices to verify that E{Wl(hé, hg)?}
is bounded which follows immediately from Proposition 7.1, or specifically,

Wi(hg he) < E{hg}+ E{hq} = E{Q} + E{Q} < 2B.

Step 3. Suppose Qp is a set consisting of all distributions on [0, B]. For any Qo € Qp with
E{W1(Q,Q) | Q@ =Qo} — 0, it follows from Step 2 that

B{Wi(hg.ha) | @ = Qo} = B{Wilhg.hay) | @ = Qo} = B{Wi(hg,hq,)} — 0.
where the expectation in the last term E{Wi(hg, hq,)} is with respect to the randomness from the

“measurement model” (1.1) and “expression model” (1.2) only. Then we can complete this proof by
noting that P(Q € Qp) = 1. O

Proof of Theorem 2.2. 'To simplify notations, we temporarily drop the subject index j and the group
index k in this proof. A restatement of this theorem is accordingly as follows:

assume N = N,, — 0o as n — 00, r; = Tin € [Y0,M] are uniformly upper and lower
bounded by two positive universal constants vo,v1, and Q is supported on [0, B]. We then
have E{W1(Q,Q) | Q} — 0 as n — oo for almost all Q with regard to the measure Q.

This proof consists of two steps. In the first step, we temporarily drop further the third-layer
“population model” (2.1) and prove that for each fixed distribution @ supported on [0, B] we have
E {Wl(@, @)} — 0 as n — oo, where the expectation is with respect to randomness from the “mea-
surement model” (1.1) and “expression model” (1.2). In the second step, the third-layer “population
model” (2.1) gets involved and we complete the proof of the conditional Wi-consistency of @

Step 1. The first step consists of three substeps. In the first substep, we prove that the set
containing all distributions which are at least 4 > 0 far from @ can be covered by finite open balls
in Wj distance. In the second substep, with the aid of finite balls, we prove that, with probability
converging to 1, no distributions that are at least § far away from ) can maximize the likelihood
function and hence the Wj distance between @ and @ is less than §. Then the W; consistency of
@ follows immediately from picking a arbitrarily small §.
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Step 1(a). Let Qp be a metric space consisting of all distributions supported on [0, B] with
the W7 distance. For any § > 0, define

Bs(@) = {@ € Qs : M(Q.Q) < 5}

and its complement is denoted by B§(Q).
In the sequel, fix € to be a small positive number. Suppose Q1, Q2 are two distributions on [0, B]
and Fg,, F, are their distribution functions. It then follows from

B B B
P /0 |Fo, — Fo,| < /0 Fo, () — Fay(W]e A < /O |Fo, — Fo,|

that Kiefer-Wolfowitz distance Chen (2017, page 51) and Wasserstein-1 distance induce the same
topology on Qp. Hence it follows from Chen (2017, page 54) that that there exists a finite number

of distributions Q; € Qp, j € [J], such that
c | B(@y).

jel]
Without loss of generality, it is assumed that @); is neither a deterministic distribution at 0 (in other
words, degenerate distribution at 0) nor @ for each j € [J].

Step 1(b). Let Yj.(r) := 1og{1 +u(hTQ( S /hy g, Q])(H_l(U))—l) } where 1 €
[0, 71), uw € (0,1), hyg(z) := B e " (M)L dQ(N), hrp.(@;(z) == sup  hyq(x), U is a uniform
Q'EB(Qy)
random variable on [0, 1], and H;é() is a function such that H;é(U) ~ hyq.
(i) We first prove that there exist constants €; > 0 and ¢; > 0 such that for all € < ¢; and
T € [70,71] we have E{Yj(r)} > ¢; > 0.
Note that Yj (r) > log(l — ) and lim Yj(r) =Y, g+ (r) almost surely, where

e—0t I

Vior (1) i=log {1+ u (hro(H; H(U)) /hrq; (H(U)) ~ 1) }.

Since Yj ((r) is monotonically decreasing with respect to €, it follows from the monotone convergence
theorem that lim+ E{Yj(r)} = E{Y,o+(r)} for each r € [y0,71]. Moreover, it follows from Lemma
e—0 ’

2.5 in Chen (2017) that E{Y;o+(r)} > 0 for each r € [yp,71]. Since E{Y}+(r)} is a continuous
function with respect to r and r € [yo,71], there exists a positive constant c; such that E{Yj ¢+ (r)} >
2¢; for all 7 € [y9,71]. Furthermore, since E{Y;(r)} is a monotonically decreasing function with
respect to €, then it follows from Dini’s theorem that E{Y}(r)} uniformly converges to E{Y; o+ (r)}
as € — 07 on r € [y0,71] and hence there exists a €; which doesn’t depend on r such that for all
€ < ¢ and r € [y0,71] we have |E{Y](r)} — E{Y;o+(7)}| < ¢j. Hence E{Y(r)} > ¢; > 0 for all
€ <¢j and 7 € [y0,71]. Replacing r by r;,, for all € < €; we have

E{Yj(rin)} > ¢j >0 for all i € [N,,].

In the following arguments, set € = miljl{e]} and let B; := B(Q;) for simplicity.
jE

(ii) We then prove that there exists a constant C; such that Var{Yj(r)} < C; < oo for all

r € [v0,m]-
Since h,. 5, () > hr.q, (%) and log{1+u(h,q(x)/hrp5,(x)—1)} > log(1—u), we have E{Yﬂ(r)} <
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oo or equivalently
E{(log{1 + ulhr,g(X,) /s, (Xr) = 1)})’} < o0,
where X, := H;é(U) ~ hyq, as long as E{(h,q(X;)/hrq,(X,) —1)?} < oo, or simply,
E{(h,Q(X:)/hr; (X))} < o0

To prove it, note that @); is not a deterministic distribution at 0 and hence there exist A; € (0, B]
such that F,(\j) < 1. Then we have

_ By)*
o) < P P g ()2 (1 Fo, ()

for sufficiently large x, and hence

heg(x) _ eh—bn <B’71 )m

hT,Qj (x) ~ (1 - FQj ()‘j)) YoAj
Then E{(hyo(X:)/hrq,(Xr))?} < oo follows immediately from the existence of the moment gen-
erating function of Poisson distribution. Since E{Yfe(r)} is a continuous function with respect to

x!

r and 7 € [y0,71), then there exists a uniform constant C; such that
E{Y(r)} < C;
for all € [0, 71]. Replacing r by 7;,, it follows that E{Yfe(n’n)} < Cj for all i € [Ny].

(iii) Suppose X;,,i € [N,] is a sequence of independent random variables with X, ~ h;, . o-
Define Zij., := log {1 tu (hm,mQ(X,,n) [ R B0 (Xim) — 1) } Note that Zi;, < Yje(rin). Built
on (i) and (ii), we have E{Z;;,} > ¢; > 0 and Var{Z;;,,} < C; < oo for ¢ € [N,] and j € [J].
Therefore,

Var Z Zij,n S NnC]
i€[Np)

and hence Var { > Zz-j,n} /N2 — 0 as n — oo. Then it follows from Markov’s inequality that
i€[Np]

1

N Z (Zz'jm - E{Zij}n}) 50
™ i€[Ny]

for each j € [J]. In other words, for any positive number ¢ and events

1
Ajn = N, Z (Zijm — E{Zijn})| <&,
1€[Ny]
we have li_>rn P(Aj,) = 1. Combined with E{Z;;,} > ¢;j, we have, under A;,, with £ < ¢;/2,
n o0
1
Fn Z log{l + U (hri,nyQ(Xiyn)/hTi,nyBj (Xz,n) - ]‘)} > Cj/2?
i€[ Ny
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and hence

0 < Z log{1 +u (hm,n,Q(Xi,n)/hri,n,Bj (Xi,n) - 1)}
i€[Nn)

< inf log{1 +u (B, o(Xin) /By or(Xin) —1
< QI'IéBjie%\;]og{ +u (o, . @(Xin)/ry 0 (Xin) — 1) }

for each j € [J]. Noting that B§(Q) C U}-le B;, the last display implies that under events A,, :=

N Ajn with £ < min ¢;/2 we have
jelJ] jel]

0< inf log{1 + u (h,, Xin hTin /Xz‘,n — 1)},
iy 2 19801 i) i)~ 1)

or equivalently,

(uQ + (1 —u)Q") > 1,(Q")
for all Q" € B§(Q), where for each Q' € Qp
B . )\ Xi,n
W(@)= 3 tog [ e g,
€[Ny, 0

] Xin!

Therefore, under events A,, with £ < m[l}]l] ¢;/2, the maximum likelihood estimator @ must belong to
j€

Bs(Q) and hence Wl(@, Q@) < 4. Since P(A,) — 1, we have P(Wl(@, Q) < 0) — 1, or equivalently,
W(Q,Q) 20 asn — oo. It further follows from W1 (Q,Q) < B that E{W1(Q,Q)} — 0 asn — oo.

Step 2. For any Q¢ € Qp, it follows from Step 1 that

BE{Wi(Q,Q) | Q = Qo} = E{W1(Q,Qo) | Q = Qo} = E{W1(Q,Qo)} — 0,

where the expectation in the last term E {Wl(é, Qo)} is with respect to the randomness from the
“measurement model” (1.1) and “expression model” (1.2) only. Then it follows from P(Q € Qp) =1
that E{W1(Q,Q) | Q} — 0 for almost all @ with regard to the measure Q. O]

Proof of Theorem 2.3. By the construction of the population model (2.1), under the Hy in (2.3)
ng) ’s are independent and identically distributed. Furthermore, since the sets {rg-c),i € [N]} are in-

variant with respect to j € [ng] and k € [K] for each i € [N], the random vectors (X£§), e X](\];]?)T’s
are independent and identically distributed. Therefore, Qvg-k)’s are independent and identically dis-
tributed. As a consequence, F' is uniformly distributed over
Fr o= {ﬁ” : 7 € all permutations of [n] — [n}}
and hence

P(F > the 1 — a quantile of 7™ |Hg) < .
Note that the event

F> thel —a quantile of FT
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is identical to the event
P(F T<F | Q (k)5 s) > 1 — a, where probability here is with respect to the random permutation T,

and hence P(T, = 1|Hy) < . The proof ofP(Th’a = 1|Hp) < ais analogous and hence omitted. [

Proposition 7.1. Suppose P and Q are two distributions supported on [0,00).Then Wi(P,Q) <
E{P} + E{Q} and W1 (P,Q) > |[E{P} — E{Q}|.

Proof. Denote distribution functions of P and Q by Fp and Fg respectively. Then it follows from

the triangle inequality that W1i(P,Q) = [;° |( —(1-F)| < [JSQA=Fp)+ [ (1 - Fy) =
E{P} + E{Q} and W1(P,Q) = [~ | 1—FP (1—FQ)I > |E{P} — E{Q}|. O
Define
=(ss0= 3 55%)/ 3 s8i. (7.1)
kE[K] ke[K]
where
1 () olk2)y2 g _ b k) k)2
87 = > > Wi(@Q;,",@5)* and S8y = > @), Q)%
k1,k2€[K] j1€[ng,],j2€[n,] k J1.J2€[n]

For any permutation 7 : [n] — [n], define

= (ssr= 3" s87)/ 3 st (7.2)

ke[K] ke[K)
where
- 1 H“ k H72 Ry 2
SSy = — Z (Q( E ’QHJQ X )) for each k € [K].
J1,J2€[ng]

Proof of Theorem 2.4(a). Throughout this proof, unless conditioning on certain events, the prob-
ability refers to randommness from all three layers as well as the permutation. Without loss of
generality, it is assumed that Qj is non-degenerate for each k € [K]. Otherwise, the proof is
analogous and omitted.

This proof consists of five steps. In the first step, we prove that if the following Equation (7.3)
is true,

lim P(F > F”|H1> =1, (7.3)

n—oo
then hm P(T, = 1| H)) = 1 for any @ € (0,1). The rest four steps are devoted to proving

Equatlon (7.3). Note that F — F™ = (F — F) 4 (F — F™) 4 (F™ — F™), where F is defined in (7.1)
and F™ is defined in (7.2). The second step proves that F—F % 0asn — oco. The third step
proves that F™ — F™ 20 as n — co. The fourth step proves that F' — F7™ 2 some strictly positive
constant. In the fifth step, we combine results in Steps 2-4 to prove (7.3) and hence finish the proof
of Theorem 2.4(a).

In the following the notion H;j in the probability is abandoned as long as no confusion is possible.
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Step 1. Note that
P(Ty=1) = p{P(ﬁ” <F[QWs)>1- a} —1- P{P(ﬁ” <F[QWs) <1 a},

s | O
PP < F 1G9 <1} = PP F1 @95 o) < LT 2P 1070)

e
and
E{P(ﬁ” > F | @(»k)’s)} = P(F">F)=1-P(F" < F).
Therefore, we have hm P{P(F™ < F | Q (k)rg s) < 1—a} =0 and hence hm P(T, =1) =1 as long
as (7.3) holds.

Step 2. In this step, we prove that F-F2%0asn— oo, where the probability here refers to
randomness from all three layers.

Note that
SSp— S 58S, SSp— 3 S8 _ _ _
‘ﬁ _ F} - ke[K] B ke[K] - SSt B SSt I SSr B SSp
kelk) kelk] kelk] welk] welk] =y

where SS;, and SSt are defined in (7.1). It then follows from the triangle inequality that

. . > (SS — SSk)
’ﬁ’—F’ < SSr —SSr n SSt ke[K]

=S Ssk S S5, >SS

ke[K] ke[K] ke[K]

G5 G5 = > (S5% — SS)

T — OOT ke[K]

< + _ , 7.4
=y ss Ty Snll S oss (74)

ke[K] ke[K] ke[K]

where %STST < B? follows from W (é(kl), @552)) < B? for each jy, ja, k1, ko.
Step 2(a). We first prove that ‘ SS 2k — % 20 and L ‘SNST - SST‘ 0.
It follows from the triangle 1nequahty that for each k € [K]

_ 1
ng(ng — 1)

SSk S8k
n,—1 np—1

> (Wl(ég'lf)’ @‘?)2 - W1(Q§-If), Q;?)Q)

J1,J2€[nk]

LY (m@P.@l) + mi@. o)) 161 # )

- -1
nk(nk ) J1,J2€[nk]
Z W@, Q1)
P jelna]
and analogously we have
S/'\ET SST ()
— - Z 3" wi@®, Q).
kE[K]JE[nk}
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Therefore,

. { S5, 5SSy

ne — 1 B ne — 1
where the last equality follows from Assumption 2.1. Noting that Wl(égk), ng)) < B and

e{m@", Q") | @} =5 o,

}S4B-§ > B{m@". e} =4 B{m@" o},

k J€ln]

we have using
e{m(@", 0"} = BB @, f)e)]
that
E {Wl(Ngk),ng))} — 0 as n — o0.

Analogously, we have F {W} — 0 as n — 00. Therefore, in (7.4) we have 7|SSZ:fST| 0
55;,—5S
and Z |nkkiilk| £> 0.

ke[K]

Step 2(b). We then prove that ﬁSSk 2 some strictly positive constant.

It follows from |W; (Q;lfl),QS-fQ))] < B and the strong law of large numbers for U-statistics
Serfling (1980, Chapter 5.4) that
1 a.s.
e LSS RN O (7.5)
If E{W;( ﬁk),Qé’“))Q} = 0, then Wi ( gk), gk)) = 0 almost surely and hence ng) = ék) almost
surely, which implies that Q. is degenerate.

Step 2(c). Built on Step 2(a) and Step 2(b), we have

I 1 P (k) ~(k)\2
nk—lSSk_nk—l nk—lsskﬁE{Wl(Ql Q27 }

(SS), — SS;) +

Therefore, Slutsky’s theorem guarantees \ﬁ —F| 2,0, where the probability here refers to random-
ness from all three layers.

Step 3. In this step, we prove that F™ — F* 5 0asn— o0, where the probability here refers to

To prove it, it suffices to show that —— =
k

randomness from all three layers as well as the permutation.
ng—1 f

Ly |S5; — SS7| 5 0 and ;LySST % some strictly
positive constant since

> (85, - SS7)

~ SST—S/TS'T B2 ke[K]

FT—F™ < + —— — , 7.6

‘ >SSt LSS, >, SST (7.6)
ke[K] ke[K) ke[K]

where SS7 and SS7. are defined in (7.2).

Step 3(a). We first prove ﬁ ‘SA’B'Z - SS} .
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To prove it, note that with similar arguments in Step 2(a) we have
~ T
SS SST 1 (1"
E{ ko 2% } < 4B — > E{W(QHM ,QHM )}.

ng—1 ngp—1
k k k J€[ng]
Let n7T,, represent the number of indices exchanged between group k and k' after the specific
k' TEP g group p

permutation m. Note that n} ., = n},, and > n},, = ni. Then, with the aid of the notations
b b k:/ b

{ng s}, it follows that

> e{m@ oy = ¥ % {w@e)

J€lnk] elK]jeny /]
= ) nkk’E{Wl(Q( 0ot ))}
k' €[K]
and hence
H]k (H]k
Wi QU2 ), Q) S (k)
el e} ~(k") (K ng ks Wi( Q ,
S E 8 = > B{m@". QB = 2 E{ 1 1 >}.
. k
JENK] k' €[K] k' €|K]

S8y SST

—1 nk—l

Therefore, it follows from E {Wl( O ), (lk,))} — 0 for each k € [K] that E{ } — 0.
Step 3(b). We then prove nk—l

To prove it, let X 2 Y denote that the two random variables X ,Y are identically distributed
and note that

ssﬂ W1(Q§-lfl),Q§-§l))2 Wi (@ ij];Q))Q
ng — Z Z nk(nk — 1) + Z Z nk(nk - 1) . <7.7)

k' €[K] j1,j2€[n k) #£khe[K] j1€RT , |,j2€n

SSy 2, some strictly positive constant.

k] "ot ok

~~

(a)
(i) We first prove that the variance of (a) converges to 0.
Note that the variance of (a) equals to

K K
mi(@y QP
nk(nk — 1) ’

w1, Q'))?
Var< F Z (g — 1) ’7‘( + E { Var Z

jl’jQE[nzyk/] J1,J2€[n kk’}

where the first term equals to
g g (g g — 1) (k) AE)\2 4 g g (g g — 1)
Var{ —————— F{W/ , <B*-Varq ——————~ 5.
{ ng(ng — 1) @@ ng (g — 1)

For the second term, note that

Var Z Wi (Q§l ),Q( ))2 ‘ T

J#j2€ng /]
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=YY co{m@P.ermel.Q 7

j17éj2€[n;;k/} ]i#]ée[nz!k/]
< Bt Z Z I (At least two of {ji1, ja, j1, 5} are identical.)
jl?éjQE[n;;k,]ji#jéE[Tbg,k,]
< B*-2nf(nfp —1)°
Therefore, the variance of (a) is upper bounded by
234 ™ T T 3

PN [Var{nk,k/(nkk/ - 1)} + E {(nka/) }i| — 0,
(g (ng — 1))

where the convergence follows from nf ,,/ny 21 /K, n} . /ni < 1, the dominated convergence
theorem such that

E{(nf)*} / (i = 1))* = B{0} = 0,

and

2 2
Var{n?k,(nz’k, - 1)} 5 nzﬁk,(n};k, -1) e ng’k,(ngk, -1) R 1 B 1 .

(ng(ng — 1)) ng(ny — 1) ny(ny — 1) Ki K1

To prove nj ./ /ny % 1/K, note that E{ng ;s /nx} = 1/K and Var{nf ;. /ny} = Var{n],/n1} =
20 \2
% — 0 (cf. Chapuy (2007, page 460)).

(ii) We then prove that the expectation of (a) converges to E {Wl( (k' ), gkl))Q} /K?2. For this,
we have

_ 1 (k)2
B{(a)} = E nk(nk_l)ﬁ%ﬁ /] E{m(@, Qx|

new (P — 1) (k) )
=gy g, Q2
{ nk(nk _ 1) 1(Q1 QZ )
which converges to & { (Q (W ), Q2 ) } /K? by the dominated convergence theorem.

(iii) Built on (i) and (ii), it follows from Markov’s inequality that (a) 2 E { (Q1 , 2 } /K2

Analogously, we can prove that the second term in (7.7) converges to a constant in probability, i.e.,
(k1) H(k3)\2
1 k) (K, E{Wi(Qi", Q1))
> e Y meaps y @AY

neg(ng — 1 K2
wgenq T n Lzl ] K Akpe[K]

As a result, we have

ElwiF), lF)y? CAINUAN
sspn S @ 2)}+ y EN@ G oo s

K? K2
k' €[K] K #ky€[K]

ng — 1
Step 4. In this step we prove that ' — F™ 2 some strictly positive constant, where the probability
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here refers to randomness from all three layers and permutations.
To prove it, note that

SSr SSr 1 1 1
F—F" = - = SS —
D S S N S - ST
ke[K] ke|K] ke[K] ke[K]

Step 4(a). We first prove that 1657 2 some strictly positive constant. Note that

n—1

1 1 2
n— 1SST - n(n —1) Z Z Wi (nyl)’ Q§§2)>

k1,k2€[K] j1€[nk, |72 €[, ]

_ ki ks (k1) (k)
B Z n(nl— i) My Ny Z e (lel Qj )

kl,k‘QE[K} jle[nkl}vjée[nkg}

1 k k
DI LGNS
k1,k2€[K]

which follows from the strong law of large numbers for U-statistics Serfling (1980, Chapter 5.4).
Step 4(b). Build on Step 3(a), (7.5), and (7.8), it suffices to prove that > —L-(SS,—S5ST) 2

n—1
ke[K]
some strictly negative constant. It follows from (7.5) and (7.8) that
1
>y (SS) — SSF)
ng — 1
ke[K]
(K1) (k)2

P 1 (k) k)2 E{Wi(@1 ", Q1))
5 (1-5) X Em@Por - Y -

ke[K) K| #ky€[K]

E{w (1), Q)2
K(K —1)

= k-5 Y By e - Y

ke[K] kY #kLe[K]

<0,

where the last inequality follows from H; and hence

(k1) ~(k2) 2
L _ggmy P K-1[1 (k) A2y _ E{W(Q: ", Q%))
ke[K] ke[K] k) #kL€[K]

which is a strictly negative constant.

Step 5. Building on the previous three steps, we have established that F-r~2% ¢ , where C' is a
strictly positive constant. Accordingly, we have lim,, o P(F > F™ | Hy) = 1. O

Proof of Theorem 2.4(b). Noting Theorem 2.1 and Proposition 7.1, this is analogous to the proof
of Theorem 2.4(a) and hence omitted. O

7.2 Proof of theorems in Section 3

Proof of Theorem 3.1. We focus on VDM. After understanding the proof of VDM, arguments for
VEM and ISDM are straight-forward and hence omitted.
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The proof of VDM largely remains the same as Bohning (1982) and we include it here only for
the completeness of this paper. This proof consists of four steps. In the first step, we prove the
existence of @ In the second step, we prove an important property (7.9) for proving ®(Gp) — @(Q\)
as L — oo if this algorithm doesn’t stop. In the third step, we complete the proof in the case that
this algorithm doesn’t stop. In the fourth step, we complete the proof in the case that algorithm
does stop at some L.

Step 1. This step gives a proof of the existence of @, which is an analogue of Simar (1976, Section
3.1).

Let Qp be the set of all sub-distributions (total mass less or equal to 1) on [0, B] and let

Iy = {p(G)|G € Qp}, where G — pu(G) := (m(G),...,un(G)) and

B
G ui(G) = /0 exp(=Ar;) (Ari)XidG(N) for i € [N] and G € Qp.

We claim that 'y is convex and compact. Convexity is obvious. Compactness follows from the
weak compactness of Qp, boundedness and continuity of A + exp(—Ar;)(Ar;)* on [0, B], and
Helly—Bray theorem, see Simar’s arguments for further details. It further follows from the concavity
of (p1,....pun) = ¥(u1,...,4n) == & Zf\il log y1; on 'y that there exists a unique maximizer
(i1, ..., 1in) of W on I'y. By the construction of 'y, there exists a sub-distribution Gy,qr € Qp such
that (1, ...,08) = (£1(Gmaz)s - - - UN(Gmaz)). The proof of that Gi,a, is actually a distribution
follows from exactly same arguments by Simar (1976, Page 1202). Now we complete the proof of
the existence of Cj

Step 2. Let Qp be the set of all distributions on [0, B] and let d) be the deterministic distribution
at A € [0,B]. Since we have ®(G) > —oo for each G € Qp\{d}, we can define the following

directional directive

(G, dy) := lim e*l{cb{(l —€)G D edy} — cI)(G)} = % >

e—0t .
1€[N]

e_’\”()\ri)xi _1
pi(G)

for G € Qp\{do} and X € [0, B].
In the second step, we prove that for all ¥ > 0,a € R there exists g = €y(v,a) € (0,1) such
that

®'(G,5)) > v implies {(1 — €)G @ €5} — ®(G) > ev/2 (7.9)

for all € € [0,e0(v, )], all G € A, :={G € Qp|P(G) > a}, and all X € [0, B].
U, 11,Qp and Ty are defined in Step 1. Since ¥ is continuously differentiable on I'y\{0}, it
follows from the mean value theorem that

(1 - )G & ey} — B(G) = U{(1 — p(G) + ealdx)} — U(p(G))
= eV {(1 — &) (@) + Eep(53)}T () — 1,
where VU denotes the gradient of ¥, for some £ € [0,1]. Therefore,
T
D{(1- )G @ iy} — B(G) — e¥'(G,0)) = e VU {(1 = €)u(G) + Eepa(8n)} = TE(R(G)) } (o).
Define Ly := {u € Ty : ¥ > o'} for o/ € R. Note that L, is a compact set, on which V¥ is
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uniformly continuous, for o’ = a—1. Since pu(G) € L, we can find a sufficiently small ey = €g(cv, )
such that for all € € [0, ¢g] we have (1 — &e)u(G) + Eep(dy) € Lo—1 and

IVIA{(1 = Ee)u(G) + Eep(0x)} — VI ((@)) | < v/(25),
where || - || denotes the Euclidean norm and S := sup,,cp, || Therefore we have
|P{(1—€)G D edr} — P(Q) — e®'(G,6))| < ev/(2S)- S = ev/2. (7.10)

If the claim doesn’t hold, i.e. ®{(1 —€)G @ edr} — P(G) < ev/2, it follows from —P'(G,d)) < —v
that

O{(1—e)GDedr} — P(G) — e (G,0)) < ev/2 —ev = —ev/2,

which contradicts (7.10).
Step 3. In this step, we assume that VDM doesn’t stop and we have ®(Gr) — ®(Q) as L — oc.

Note that ®(G ) is monotonically increasing and suppose limy, o ®(Gr) = @T. If o+ < &(Q),
then we have

(G, 00,) = max '(Gp,0)) > ¥ (G, Q) > ¥(Q) — B(GL) > ®(Q) — ¢+ > v >0,

A€[0,B]

max)

for some v > 0, where the first inequality follows from Simar (1976, Page 1204) and the second
inequality follows from the concavity of € — ®((1 — €)G, + €Q) with € € [0, 1]. Then it follows from
the claim in Step 2 that

(I)(GL—H) — @(GL) > (I){(l — 60)GL (&) 60(5)\max} — CID(GL) > 1/60/2 >0,

which contradicts limy, o ®(Gr) = ®T.
Step 4. In this step, we prove that if VDM stops at some L, then ®(G) = ®(Q).

~

If o(GL) < ®(Q), we then have

d'(Gr.6y) > B(O) — (G 0
/\fél[g%] (Gr,0\) > 2(Q) (Gr) >0,

which contradicts the criterion for stopping this algorithm. O

7.3 Proof of theorems in Section 6

Proof of Theorem 6.1(a). This proof consists of two steps, similar to Section 4 in Vinayak et al.
(2019). In the first step, we prove that W7 (Q, @) can be upper bounded by three parts, see (7.11).
In the second step, we upper bound these three parts separately with the help of Lemma A.1,
Lemma A.2 and Proposition A.2 and complete this proof.

Step 1. Forz =0,1,..., let z — h‘?QbS(:U) denote the sample proportion, i.e. hg’s(ac) = ZZ]L I(x =
X;)/N, where I(-) is an indicator function. Recall that W;(Q, @) = SUP/eLip, fOB d(Q — @), where

Lip,; represents all 1-Lipschitz functions on [0, B] and ¢ is one of those 1-Lipschitz functions. Without
loss of generality, it is assumed that £(0) = 0. The idea is to use the following function

N 0 Ae—A
Ao O = be%, where b, € R and A € [0, B],

=0

to approximate the 1-Lipschitz function A\ — ¢(\) and upper bound W7 (Q, @) by three parts. It
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follows from a straight-forward algebra that

[ o Q) = [ (e~ i) a (@ - @) + [ 30 a (o - o)
=0
<2 Hz - ZHOO n ibx (hQ(;c) - hgj’%x)) + ibx (thbs(x) - h@(a:)) ,
=0 =0

where [|¢ — ZHOO 1= supxep,p) U(A) — Z()\)|, and hence

Wi(Q.Q) < sup (He EH +Zb (hQ h"QbS(x))+§:bx(hg’s(x)—h@(a:))>.(7.11)
=0

£eLip(1

Step 2. It follows from Lemma A.l and Lemma A.2 that for an arbitrary 6 € (0,1/2) and an
arbitrary € € (0, 1) there exists constants N(e) and C(e) depending only on € such that the sum of

the last two terms in (7.11) is upper bounded by C(€) maxz>0 |bz| for all N > N(e) with

probability at least 1 — 24.

Step 2(a). Suppose ¢y < min{y/ec/C,0.001}, where ¢ = 1/8 and Cjy is a universal con-
stant specified later. It follows from Proposition A.2(a) that ¢(\) can be approximated by Z()\) =
Zi:o bz% with an uniform approximation error of C1B/k with max, |b;| < Cy (\/Ek/B)k for
k> 4(BV 1), where C; > 1 is a universal constant. Hence we have

. B Vek\® [Bv1 1
W1(Q,Q)§201k+010(6)< I ) \/E’

for N > N(e) and k > 4(B V 1) with probability at least 1 — 2§. Taking k = k(N, B) satisfying
(Vek/B)F = N¢ for ¢ = 1/8, it follows that
W1(Q, Q) < 2C1B/k + C1C(e)N“T/>~1/2, /B /51+e. (7.12)
To verify k(N, B) > 4(B V 1), note that (ﬁk/B)k = N¢ is equivalent to
log (v/ek/B) exp{log (v/ek/B)} = (v/eclog N)/B.
It further follows from (y/eclog N)/B > 0 that k(N, B), as the solution of (\/ek/B)* = N°¢, can

be written using the Lambert W function, i.e. k(N, B) = \f exp (W (%)), where W is the
Lambert W function. It follows from the expansion of W (see Wiki of Lambert W function),

Nl 651+e

W(z) =logz —loglogx + o(1), as x — oo,
that there exists a universal constant Cy > 0 such that

1 =z
> ——— 1 > .
exp(W(x)) > 2logz’ or x > Co

It then follows from that B < ¢glog N and ¢y < y/ec/Cs that

Veclog N > Vveclog N > Oy
B colog N

and hence

veclog N
\/EclogN>> - B Y5 > ¢ logN (7.13)

B
k:(N,B):exp(W( 5 _2\/élog\/éc}gogN 210glogN.

Ve
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It further follows from B < ¢glog N with ¢y < 0.001 that
kE(N, B) > EIOgN/log log N > 11000 >
B 2 B B 16 log 1000

If § %8 > 4 doesw’t hold, then E{W1(Q,Q)} < B < &2 log (™4~ v ¢) and hence Theo-

210g logBN

rem 6.1(a) is trivial. Therefore without loss of generality we assume that § lo%og ~ > 4 and hence
B

log
k(N,B) > 4. As a consequence, we have k(N,B) > 4(BV 1).
Combining (7.12) with (7.13) and letting € = 1/4, we have

N Blog log NV B BVv1
Wi(Q.Q) < 3201+~ + CrC(e)ecrya - NV [,

log

where C(€)|c=1/4 means the value of the function € — C(e) at 1/4. Therefore, for an arbitrary
0 € (0,1/2), there exists a universal constant C3 such that for sufficiently large N we have

~ B log N 1
< 1 —_—
with probability at least 1 — 2§. Therefore, for sufficiently large N we have

A B log N B log N
< < .
E{Wl (Q; Q)} >~ 503 10 log B < 503 logN 10 ( B \V €>

g N

Step 2(b). Suppose ¢y > min {%, 0.001}. Then for B € [min {y/ec/C2,0.001} log N, ¢ log N1,
it follows from Theorem 6.1(b) that E{W1(Q,Q)} < C4/B/logN < Cyy/co, where Cy is a uni-

versal constant. On the other hand, in this case % log <1°gBN v e) > min {y/ec/C2,0.001} and
hence

o~ 04\/0() B logN
E{W < 1
(@, Q)} = max {503’ min{\/EC/C’g,O.()Ol}} log N ©8 < B ¢
holds for all B < ¢glog N. O

Proof of Theorem 6.1(b). Since B > ¢olog N, we have B > 1 for sufficiently large N. It follows
from Step 1 in the proof of Theorem 6.1(a), Lemma A.1 and Lemma A.2 that for an arbitrary
9 € (0,1/2) and an arbitrary € € (0,1) there exist constants N(e) and C(e) depending only on €

such that the sum of the last two terms in (7.11) is upper bounded by C(€) max;>¢ [bz|4/ ﬁ
for all N > N(e) with probability at least 1 — 20.

If ¢p > 100, it follows further from Proposition A.2(b) that for sufficiently small e there exists a
constant C1 = C(e) such that

~ | B 1
< 3/2 A7—1/242¢
Wl(QvQ) = Cl ( IOgN + B N 61+6> )

with probability at least 1—24. Since B? < C§N!73¢_ then it follows from choosing € = (e9/2) A0.01
that there exists a constant Cy = Ca(e€p) such that

~ B 1 ~ B
Wi(Q,Q) < Co log N 31+ and hence E{W1(Q,Q)} < 03\/;’
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where C3 = C3(¢€p) is a constant.

If ¢ < 100, a 1-Lipschitz function on [0, B] can also be viewed as a Lipschitz function on
[0,1001og N| and hence it follows from letting B = 100log N in Proposition A.2(b) that for suffi-
ciently small € there exists a constant Cy = Cy(€) such that with probability 1 — 26

~ 1/212¢ [ 1 1/342¢ 1
W1(Q,Q) < Cy <1+\/EN /242109 N - 51+> < Cy <1+ CoN~Y3+20g N - 51+6)'

Therefore it follows from letting ¢ = 0.01 that for sufficiently large N

~ 2Cy B
E{W; <20y < =,/ ———
{ 1(@7@)}— 4 > \/a IOgN’
where the last inequality follows from B > ¢glog V. O

Proof of Theorem 6.2(a). Suppose a > M > 0 are constants and P and @ are two random variables
supported on [a — M, a+ M] with E{P7} = E{Q’}, 0 < j < L. Existence of P and Q is guaranteed
by Proposition 4.3 in Vinayak et al. (2019).

For 0 < B < ¢glog N, setting a = C1B, M = B and
(L+1)/2 = Be?/(2C4) - exp(W (4C1 log(N) /(€2 B))),

where W(-) is the Lambert W function, C; = max{1,4e?cq, Cacoe?/4, C3coe?/4} and Cy, C3 are
universal positive constants specified later. Since W (x) = logx — loglogx + o(1) as * — oo, there
exists a universal constant Cy such that for x > Co we have W (x) > %log x. Therefore, it follows
from

e?log N e? logN

log N
> 40500 > 40500 2 =
2B = VY g = Y 2 og N

401 2

that

Be B [ o8N, B [ N . ape
L+1="% . exp{W(AC log(N)/(2B))} > o1 /4 > /4 =0
+ c exp{W (4C1log(N)/(e“B))} > C C e2B — Cle%o logN —

By (2eM)?/a = (2eB)?/(C1B) = 4e?B/Cy, it follows that L + 1 > (2eM)?/a. Hence it follows
from Proposition A.3 that

L+41
2

L+1
eB B e’B o2
TV(P,Q) < 2 (CIB(L — 1)) =2 (201@ — 1)/2> =2N7?,

where the last equality follows from the definition of the Lambert W function (see the proof of
Theorem 6.1(a) for details). It follows from the LeCam minimax lower bound that for N > 3

i%fsng{Wl(Q,@)} > %Wl(P, Q)(1—TV(Py,Qn)) > %Wl(P, Q) (1-2NN7?) > éWﬂP, Q).

On the other hand, it follows from Proposition 4.3 in Vinayak et al. (2019) that W1 (P,Q) >
2M/(2L) = B/L. Since W (x) = logz —loglog x 4+ 0o(1) as x — oo, there exists a universal constant
C3 such that for z > C3 we have W(z) < 1+ logz — loglog x. Therefore, it follows from

log N 2log N 2 logN
ZgB 2403603 8 >403003L203

4C
! 4 e2B — 4 e2¢cylog N
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that

Be? 9 Be3 4C1 log N 4Ch log N 4Ch log N
L< a-exp{WMCl log(N)/(e*B))} < B / log 2B = 4elog N/ log —a2p
Therefore,
1 B 4C1 log N B 16¢g log N
f sup E{W- > W P, lo > 1 .
mfsup m(Q,Q)) P Q) 25 0eN 28 2 20c1ogN ' B
This completes the proof. O

Proof of Theorem 6.2(b). Suppose a > M > 0 are constants and P and @ are two random variables
supported on [a — M, a+ M] with E{P7} = E{Q’}, 0 < j < L. Existence of P and Q is guaranteed
by Proposition 4.3 in Vinayak et al. (2019).

For B > ¢glog N, setting a = c1B/./cy, L =1log N and M = c1y/Blog N with ¢; = 1/(4e*,/cg).

Note that
a i ClB/\/a N B >1
M c1v/Blog N N colog N —
and
(2eM)?  4e*c?Blog N 5 V/Code?
= = /code“cilog N = lN——1N<11NL1
a o Bjje  ValealosN =755 log o8 tog +

Therefore, it follows from the LeCam minimax lower bound and Proposition A.3 that

nfsup EN(Q.Q)) = 5 Wi(P.Q)1 ~TV(Px, Q)

1+log N
civBlog N ) e

1
> SW(PQ) 12N(¢C13<1+1ogzv>/\/%

v

1I/Vl(-P7 Q) (1 - iN_10g2> > in(P’ Q)

On the other hand, it follows from Proposition 4.3 in Vinayak et al. (2019) that

Wi(P.Q) > 2M clx/Blog B
= 2L log N log N’
Hence
. ~ 361 B 3 B
f E > — .
nfsup EAWA(Q. Q) 2 75\ 1og N = 206t /g | Tog ¥
This completes the proof. O
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A Auxiliary proofs

Lemma A.1. Suppose Q is a distribution on [0, B] and {X;,i € [N]} are N observations generated
from hq defined in (6.1). For an arbitrary § € (0,1), the following inequality

=0

< max |by [\ ———
holds with probability at least 1 — &, where b, € R and h®%® = Zf\il I(x = X;)/N.

2N

Proof of Lemma A.1. By noting that E{h"QbS ()} = hg(x), this proof is basically an application of
McDiarmid’s inequality.
Let ¢ : RY = R be a function of (y1,...,yn) € RY such that

N oo
By, uw) = 2 DS b € {ui)).

=1 =0
Since for any yi1,...,yn,yir € R

1
|¢(y17"'7yi7"'ayN) _¢(y1a"'ayi’v---vyN)| §?§8(|bx|ﬁa

it follows from McDiarmid’s inequality that for all € > 0

_ €2
P(|¢(X17;XN) _E{¢(X1,,XN)}| > 6) < 2eXp <2]V> 7

maXJ;Z() |b,15|2

or equivalently,

PO e (12— o)) 12 0 < 20 (200 )
z=0

maxy >0 |bz|?
by noting that

S(X1, . Xn) — E{¢(X1,.... X0} =D ba (hgbs - hQ(x)) .
=0

Hence for an arbitrary § € (0, 1) the following inequality

> obs log(2/d
3 b, (hé) (z) — hQ(x)) < masx|b| Q(N/)
=0
holds with probability at least 1 — 4. O

Lemma A.2. Suppose Q is a distribution on [0, B] and {X;,i € [N]} is a random sample from hq
defined in (6.1). Cj defined in (6.2) is a NPMLE of the mizing distribution Q. For an arbitrary
d € (0,1) and an arbitrary € € (0,1), there exist constants N(e) > 0 and C = C(e) > 0 such that
for all N > N(e),

=0 -

holds with probability at least 1 —§.
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T T
Proof of Lemma A.2. Let hOQbS = <hg)s(0),hg)5(1),...) , hg = <h@(0),h@(1),...) and hg :=
(hq(0),hg(1),.. .)T. For simplicity, hg’s, h@ and hg also represent distributions with respect to
corresponding probability mass functions = — h‘ébs (x), z — h@(:r) and z — hg(x).

This proof consists of two steps. In the first step, we prove that )Z;O:O by (hg’s(:v) - h@(az)))

can be upper bounded by KL(hOQbS, hg), where KL is the Kullback-Leibler divergence. In the second
step, we upper bound KL(hOQbS, hg) by truncation arguments.

Step 1. It follows from the triangle inequality that

(hobs ) — hg(x )) < max b, \Z

where th’s —hg]l1 is the total variation distance between distributions h"QI’S and hg. Then it follows

obs N _ obs 1. .
W (@) — ()| = max [o.| [0 ~ g,

from Pinsker’s inequality (see Proposition A.1) that

0o0s 1 0o0s
g~ hglh < /3 KL ),

where KL is the Kullback—Leibler divergence, and hence

Zb (hobs )~ hs ( ))

by notlng that maximum likelihood estimators maximize likelihood functions.

<max|b \\/ -KL(hg*, hy )<max|b |\/ -KL(h@*, hg),

Proposition A.1. (Pinsker’s Inequality, see Cover and Thomas (2006).) For discrete distributions
P and @, it follows that

KL(P,Q) > 2|[P - QIf,
where KL(P, Q) is the Kullback—Leibler divergence between P and Q, and ||P — Q|1 is the total
variation distance between P and Q).
Step 2. Let {T; := X;I(X; < |2B])+ (|2B| +1)I(X; > [2B]| +1),i € [N]} be a truncated sample
of {X;,7 € [N]}, where |2B| denotes the larger integer that is less or equal to 2B. Let tg be the

obs

probability mass function of 77 and let 5 be the sample version of tg, i.e. for z =0,...,|2B]| +1
z—tg(x): =PI =2) and z~— tObs : ZI

Note that tg(z) = hQ(x),t‘bes(x) = hg’s(a:) forx =0,...,[2B] and tQ(LQBJ—&—l) =2 u>28)+1 "o (),
tOQbS(LQBJ +1)= ZIZLQBJH h"QbS(a?) and hence

obs _ obs hOQbS(x)
KL(h3® hg) = > h*(x)log—
p (@)
tobs obs tObs(l_QBJ + 1) obs h?Qbs(x)
= KL(tZ*, to) — t3°(|2B] +1)logm+ >y (f”)logm’

@>|2B]+1
where toQbS = (tOQbS(O) tObS(LQBJ 1)) and tg = (tg(0),...,tq(|2B] + 1)) are also viewed as
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distributions with respect to corresponding probability mass functions z — tg(z) and = — t"bs(x

obs obs tg* (12B]+1)
If t5(|2B] + 1) = 0, then t&°(|2B] + 1) log

)-
W = 0. If not, it follows from log(1 + z) <
x for x > 0 that

t&(12B] +1) -
tQ(I_QBJ + 1) -

Analogously, it can be proved that

—1%%(|2B] + 1) log to([2B] +1) —t3*([2B] + 1) = > (hq(z) — hg*(x)).

z>|2B]+1

h* (z) (h@s(x) — hq(x))?
obs 1 Q < Q obs
Z hg* () log ho(z) = Z ho () - Z (hg"(z) — hq(x))
z>[2B]+1 z>[2B]+1 z>[2B]+1
and hence

" tObs(L2BJ +1) o hObs(:c) (hObS(a?) —h (;c))z
—th (I_QBJ +1)log f@(@ﬁ + Z th (z) log hQQ<.I‘) < Z ¢ hQ(J;)Q

where the last term can be upper bounded by an analog of proof of Proposition 3.1(i) in Lambert

z>[2B]+1 v>[2B]+1

and Tierney (1984) in the following substep.

Step 2(a). In this substep, we upper bound ZmzLQBJH(hOQbS(x) — ho(x))?/ho(z).

Fix a € > 0, choose a v > 0 in (1 —¢,1) and an a = (v/33 — 1)/4 ~ 1.19 > 1, where ~ means
approximately equal to. Define A := a(1=7)/3. By Hélder’s inequality,

ey 0o’
x>|2B]+1 ho(x)
hobs ) — holz 2
B A IC)
x>|2B]+1 hQ(x)
(@)~ ho@)? .\ (h(@) = hoa))?
< Nl Z Q Q A/ Z Q Q A=/ (1)
x>|2B]+1 hQ(x) z>|2B]+1 hQ(x)
Since A > 1, it follows that
(hg’s(m) — ho(x))? N A—(2B]+1)/v A1/
. —xz/y —z/y _
NE{ Z hg(x) A = Z A —A S1—aim =%
z>|2B]+1 @>|2B]+1
and hence for an arbitrary ¢ € (0, 1), the following inequality
hebs () — h ~1/y
S AL ) A S L
hg(x) 1—A-1Y7§

x>[2B]|+1
holds with probability at least 1 — §. Therefore, with probability at least 1 — 4, it follows that

(hs(@) —ho(@)? .\ [ atr 1Y 1 |
( Z hQ(z) A /'7) < 1—A*1/7N75 < (Al/y_l)“/(Né),y.

x>|2B]+1
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On the other hand, it follows from straight-forward algebra that

obs _ 2 obs 2
Z (hQ (z) hQ(CE)) A7/ (=) < Z (hQ () o3 4 Z ho(z)a z/3
ho(a) - ho(a) Qe
x>[2B]+1 Q e>[2B)+1 @ z>[2B]+1
The second term on the right is bounded by 1 by the following arguments. Since @ is supported on
[0, B], it follows that for any fixed > 2B, A = f(z|)\) := e *A?/z! is a monotonically increasing
function and hence

/ @INdQ < sup f(zlA) = f(zlB) = e BB /al.

Ae[0,B]
Therefore,
B* B)®
Z hg(z)a” < Z 7B—a — ¢tB=B Z eaB(a:B') = ¢*B=BPp(Poi(aB) > 2B),
z>|2B|+1 *>2B *>2B ’

where Poi(aB) denotes a random variable following from Poisson distribution with a parameter aB.

Moreover, it follows from Lemma A.5 that
P(Poi(aB) > 2B) < exp (—{(2 — a)/a}QaB/?))
and hence
Z ho(z)a® < e Bexp (—{(2 — a)/a}?aB/3) = exp{B(2a* + a — 4)/(3a)} =
z>|2B]+1

by verifying 2a® 4+ a — 4 = 0.
For any fixed k > 0, define Ay to be the event {hggbs(x) > khg(z)a®/3 for some x > [2B] +1}.
Then, by Markov’s inequality

EhObsx
P(Av)< Y P () > kho(x)a®) < 3 kh{Q(ci@(a;/iﬁzf(auﬁ_1)‘

x>[2B|+1 x>[2B|+1

Thus, P(Ax) can be made arbitrarily small by choosing k large enough and on the complement of
Apn we have

(hObS(x )2 N
3 }fx <k Y hgla)a® =k
e>[2B)+1 @ >|2B]+1

Therefore, for an arbitrary ¢ € (0, 1), with probability at least 1 — §, the following inequality
obs 2 2
3 Q™ @) s <11>
z>|2B|+1 ho(x) §alld—1

holds. Thus, for an arbitrary 6 € (0,1), with probability at least 1 — ¢, it follows that
1—v —y

1
(hgy*(x) — ho(x))? 11\ 20\ >~
z/(1=7) - - e
2 h A = (5a1/3—1> 1 —(a) !

z>[2B]+1 Q(@)

where the last inequality follows from a = (v/33 — 1)/4 and v < 1. For an arbitrary ¢ € (0,1/2),
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with probability at least 1 — 24, it follows that

Ny <h2;”5<x2 “he@) i 11 <20>w e 2
2>[2B]+1 Q@) (a 3 — 1) (N6)Y \ o (a = 1) 527
and hence by letting v go to 1 — ¢, it follows that
3 (h*(x) — ho(@))*  _ 202¢ 11
2>[2B]+1 ho(z) T (a%09 — 1)lme NITeglte

Step 2(b). In this subset, we complete the upper bound of KL(h°* hg).
As a result of Step 2(a), for arbitrary 6 € (0,1/2) and € € (0,1), with probability at least 1 — 24,
it follows that

KL(h** hg) < KL(tZ°, t0) + 20% Ll
Y HQ) = Q tQ (aﬁ _1)1_6 N1-—e€ §lte’

To upper bound KL(toQbS ,tg), the KL divergence between empirical observations and the true
distribution for discrete distributions, it follows from Mardia et al. (2019) that with probability 1 —§

2B + 1 AN 1. 3e
KL(t%%, to) < 1 —log =
(7 0) = S s gpg Ty los

and hence for any € € (0,1) and § € (0,1/3), with probability at least 1 — 34 it follows that

2B +1 AN 1 3e 202¢ 1 1
KL(h%% hy) < 1 —log == _ .
(ho"ho) =y~ los gy tylos 5 + (a30=7 _ 1)i-e N1—€ gl

Therefore, there exist positive constants N1 = Ni(e) and C; = Cy(e€) such that for N > N,
BvVv1
Nl—eél-‘,—s
holds with probability at least 1 — 34 for any € € (0,1) and 6 € (0,1/3). O

KL(h%* hg) < C4

Proposition A.2.

(a) For any positive integer k > 4(B V 1) and any 1-Lipschitz function X — £(\) on [0, B] with
£(0) = 0, there exists an approzimation £(\) = Z;]z:o bgc)‘gn;fi!_A such that
sup [((\) —£(\)] < CBJk
Xe[0,B]

and maxy |b;| < C (\/Ek/B)k, where C > 1 is a universal constant.
(b) Suppose B > 0, N € NT and there exists constants co, Co > 0 such that B € [colog N, CoN].

Then, for any fized co > 100 and any small € € (0,0.02) there exist constants C(e) > 0 and
N(e) > 1 and a sequence of coefficients {by}32, such that for N > N(e) any 1-Lipschitz

function £(X) on [0, B] with £(0) = 0 can be approzimated by L(\) = Y 77, b,v)‘zg‘[fi!A with an

uniform approzimation error of C(e) % with max, |by| < C(e)BNE€.

Proof of Proposition A.2 (a). The following two facts are used in our proof.
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Fact A.1 (Chapter 2.6 Equation 9 in Timan (2014)). Suppose k is a non-negative integer and
A = pr(A) is a polynomial function with coefficients co,. .., ck, i.e. pp(N) = ZQ:O czA*. Then it
follows that coefficients {c, }k_, satisfy

X

k
< — .
el < 7 max[p(Y)

Fact A.2 (Approximating e* with Taylor expansion). Let A € [0, B]. For any k > 2B, it follows
that

k 00 A" k 00 k o0 k
_ZL Z A < A .A>§A21:A
2ol T 2e Fre k+l) S W& T H

and hence
k

A\” AF BF

A A

e _Zﬂve = kleX = kleB’
=0

Applying Fact A.2, it holds that for any k& > 2B, there exists a polynomial g () = Zi:o AP /2]
of degree k such that |1 — gi(\)e | < B¥/(kle®) for all A € [0, B]. It is well known through
Jackson’s theorem (see Lemma A.3) that for any 1-Lipschitz function ¢(-) on [0, B], there exists a
polynomial pg(A) of degree k such that supye_p gy [¢(A) — pr(A)| < C1B/k, where £(A) := —£(—])
for A < 0 and C; > 0 is a universal constant independent of k£ and ¢. Combining pg()), ¢x(A\) and
the fact that |pp(\)| < B+ C1B/k < (1 + C1)B, it follows that for A € [0, B]

k Bk ek
)~ E)] < IO )e ™ = D]+ ) = €1 < (1 g (s +1).

where the last inequality follows from k! > vk (k/e)* for k > 2 by Stirling’s approximation. It
further follows from the increasing monotonicity of B ++ B*/eB for B < k/2 that

VEB*e* | (KEeP) < VE(k/2)Fe" ) (KFeb?) = VE (Ve/2)* < 1
where the last inequality holds for all £ > 2, and hence
[PV ae(Ne™ = ()] < 2(1+ C1)B/k
for k > 2(B V 1). Therefore, we have shown that for any & > 2(B V 1), there exists a function

—~ 2k )\xe—)\
0N = prNgr(Ne ™ = be—7—
=0 ’

such that |Z(>\) —¢(N\)| <2(1+ C1)B/k. For the bounded on the coefficients b,, first let us define
the polynomial 7(A) := pi(B - \)ge(B - \) = S°2% 8. A7, Note that b, = b,/ B,

=0 "z gl
r(N)] < (B +2(1+ C1)B/k) e” < 2(1+ C1)Be
for A € [0,1] and
k+1

OV < B NI+ 0B < (14

) (1+C1)B < (1+¢/2e8) (1+C1)B < 3(1 + Cy)BeP
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for A € [-1,0). Then we can apply Fact A.1 for the polynomial r()\), which implies that

Bl _ (2k)” (2k)”
< 2 max (V)| <
! <t x!

3(14—01) ,

and hence

B 9 2k 9 2%k
max |by | = maX*' < max <g> 3(14+C1)Be? = 3(1+C) <Blf> BeP < 3(14C4) < éék) 7

where the last inequality follows from B < k/2 < exp(k/2) and e < exp(k/2). O

Proof of Proposition A.2 (b). Since B > cglog N, we have B > 1 for sufficiently large N. Note that
A= L 5{(BA\) is a Lipschitz-1 function on [0,1]. By Proposition A.4, it follows that there exists a
sequence of coefficients {b;}°, such that

Ly - Z b, P(Poi(BA) = 2)
x=0

5 < C(e)

for any A € [0, 1],

1
BlogN’
where b, = 0 for z > 4B, and

1 x Ce)(1 + z/?)Ne
bg”_BdB'B)‘S B

Defining b; = Bb, and replacing B by A, it follows that

= | B
_ * i — < -
;:0 by P(Poi(\) = x)| < C(e) g N’ for any X € [0, B],

where b} = 0 for z > 4B, and
b* — t(x)| < C(e)(1 + 2 /?)N¢, for x < 4B.
Moreover, It follows from the triangle inequality that |b%| < 4B+C(e)(14+2BY?)N¢ = O(BN¢). O

, for x < 4B.

The following proposition is an extension of Wu and Yang (2016, Lemma 3); see also Wu and
Yang (2020b, Section 3.3) for a nice survey.

Proposition A.3 (Lemma 32 in Jiao et al. (2018)). Suppose Uy, Uy are two random variables
supported on [a— M,a+ M], where a > M > 0 are constants. Suppose E{Ug} = E{U{},O <j<L.
Denote the marginal distribution of X where X|\ ~ Poi(\), A ~ U; as F;, where i = 0,1. If
L+1> (2eM)?/a, then TV(Fy, F1) < 2(eM/+/a(L + 1))E+1

Proposition A.4. Suppose B > 0 and N € N and there exists constants cy, Co > 0 such that
B € [¢plog N,CoN]. Let ¢(-) be any Lipschitz-1 function on R with £(0) = 0. Then, for any fized
co > 96 and any small € € (0,0.02) there exist positive constants C(€) > 0 and N(e) > 1 depending
on € and a sequence of coefficients {by}32 such that the following inequality holds for N > N(e),
i.e.

_ ;bxp(m(m) — 2)| < C(e) BlolgN, Neo,1] (A1)
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where by =0 for x > 4B, and

x 1/2y V¢
A=) < — < . .
by E(B)‘_C(e)(l—i—:r )B,foranyx_4B (A.2)

Proof of Proposition A.4. Note that Proposition A.4 is an analogue of Theorem 5 in Han and Shi-
ragur (2020) and these lemmas below will be used in the following proof.

Lemma A.3 (Jackson’s theorem, Lemma 10 of Han and Shiragur (2020)). Let k > 0 be any integer,
and [a,b] € R be any bounded interval. For any Lipschitz-1 function £(-) on |a,b], there exists a
universal constant C' independent of k,{ such that there exists a polynomial p(-) of degree at most
k such that

U(N) — pr(N)] < CV(b—a)(A—a)/k, VX € [a,b]. (A.3)
In particular, the following norm bound holds:
2 600 = POV < €6 =)/ (A4)
€la,

Lemma A.4 (Lemma 11 of Han and Shiragur (2020)). Let pg(A\) = chzo az A" be a polynomial of
degree at most k such that |pp(X)| < A for X € [a,b]. Then

(‘bfz +1>, 2=0,-- k.

2. Ifa+b=0, then |ay| < Ab*(vV24+1)*, 2=0,--- k.

1. Ifa+b#0, then

a+b
2

‘ax’ < 27k:/2A

Lemma A.5 (Poisson tail inequality, Lemma 12 of Han and Shiragur (2020)). For X ~ Poi()\)
and any 6 > 0, we have

P(X > (1+06)A) <exp (—(6°Ad)A/3)  and P(X < (1-6)A) <exp(—62)/3).
Lemma A.6 (Lemma 15 of Han and Shiragur (2020)). Define

=G T (-

d’'=0 d"=0
with d € Nz € [0,1]. Then for any z € [0,1] and d > 1, the following identity holds:
2 2d
9d,x (z + n) - gd,x(z) = ;gd—l,x(z)'
Moreover, if nz/2 € N and max{|z — z|,8d/n, \/8zd/n} < A, then |gq.(2)| < (2A)%.

Now we start our proof. Since B > cglog N, we have B > 1 for sufficiently large N. Note that
the proof here is an analog of proof of Theorem 5 in Han and Shiragur (2020), but has much more
details. We could omit the following proof, but for the completeness of this paper, we decide to
write it down.
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We shall construct the following local intervals: for ¢; := ¢y/4 and m = 1,2,--- M :=

\/B/(c1log N), define

c1log N 9 cilogN , c1 logN 2 c1 logN
I, = . —1 . I .= —4

cilog N 9 c1log N 9
17/7/1 = |: 5 (m 2)+, B ( + 1) ,

m+1/3)*

and without loss of generality we assume that M is an integer. Note that M > 2. We shall also
define
cilog N (m—4/3)% 4+ (m+1/3)?

A, 1=
B 2

to be the center of I],. Note that I,,, C I}, C I/!/ and it follows from Lemma A.5 that for m > 2,

P(Poi(BA) ¢ BI! |\ € I,) < 2N—¢/2T, (A.5)
For m =1, it can be analogous to verify that the last display holds for m = 1 and hence it holds
form=1,..., M. Analogously, we have the following inequalities: for m =1,..., M

P(Poi(B\) ¢ BI'|AeI) <2N—/3 (A.6)
and

P(Poi(BA) ¢ Bl € Iy, — I,y — Il.1) <2N~/12, (A7)

Now we use the local Poisson polynomial on each local interval I}, constructed in Lemma A.7
to prove Proposition A.4.

We assume that > 2 b(m)P(Poi(B)\ /2) = x) is the Poisson polynomial given by Lemma A.7 on
the m-th local interval I] , with B replaced by B/2. Now consider the following Poisson polynomial:

Zb P(Poi(BA) = z) with by := — Z Z ( ) g(cm)k (A.8)

m=1keBIy/2

We claim that the above polynomial with coefficients in (A.8) satisfies Proposition A.4. We first
verify the inequality (A.1). Using a change of variable j = 2 — k, we have

M
= Y P(Poi(B)A/2) € Bl /2) Zb P(Poi(BA/2) = 7).
m=1

Since I,,, constitutes a partition of [0,1], for A € [ , 1] there exists m* = 1,2,--- | M, such that
A € I+ We distinguish into three cases:

e Case 1: A€ Iy — I)u_y — I .1. By (A.7), we have P(Poi(BA/2) ¢ Bly-/2) < 2N ! since

m

c1 = cg/4 > 24, and therefore P(Poi(B\/2) € Bl,;,/2) < 2N~2 for any m # m*. Hence,

60 = PV < Cle)y| Bljg AN (14+2C(N)

where we have used (A.10) in the second last inequality. As a result, the desired approximation
error in (A.1) holds.
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e Case II: A € I,» N1} ... In this case, Lemma A.5 gives P(Poi(B\/2) € Bl,,/2) < N~2 for
any m ¢ {m*,m* 4+ 1}. Consequently,

[6(A) —p(N)| < P(Poi(BA/2) € Bl /2) |¢ ib (m*) P(Poi(BA/2) = j)
7=0
+P(Poi(BX\/2) € Bly-11/2) |£ ibm*“ P(Poi(BA/2) = 7)
7=0

+ Y P(Poi(BA/2) € Bl,/2) me)P Poi(BA/2) = j)|,
m#Em* m*+1 j=

and using Lemma A.7 and the same concentration bounds gives (A.1).
e Case III: A € Ipp,» N1),._;. This case is entirely symmetric to Case II.

Combining the above three cases, we arrive at the inequality (A.1).

Next we verify the coefficient bound (A.2). By Lemma A.7, it is clear from the definition that
by = 0 whenever x ¢ UM_ BI” and hence b, = 0 for z > 4B. Fix any = > 0 such that b, # 0,
assume that x € BI;,’I* (if there are multiple choices of m™*, pick an arbitrary one). We claim that
any other m =1,2,--- , M such that ]n% )m*| > 5 do not contribute to by in the summation (A.8).

In fact, if there is non-zero coefficient b, in (A.8), we must have

log N
x € BI}. = cilog N - [(m* — 2)2, (m* + 1)2] , keBIL,/2= a 02g - [(m — 1)2,m2] ,
c1log N
x—keBIlj2=" 2g m—2)%, (m+1)%].
Summing up, we must have at least one of
—1)2 —9)2 2 2
m 2y < (RO ey RO EL]
will fail whenever ]m — m*| > 5. Hence, there exists constants C, Cy such that
m)| - C2C()(A +'/?)N°
< : <
establishing (A.2). O

Lemma A.7. Suppose B > 0 and N € NT and there exists constants co,Co > 0 such that B €
[colog N,CoN]. Let £(-) be any Lipschitz-1 function on R with ¢(0) = 0. Then, for any fized
co > 16 and any small € € (0,0.02) there exist constants C(e¢) > 0 and N(e) > 1 dependmg on € and
a sequence of coefficients {by}32, such that the following inequality holds for N > N(e), i.

- Z by P(Poi(B\) = z)| < C(e)

z=0

el A9
Blog N for any A € I, (A.9)
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where by = 0 for x ¢ BI, and

1 1/2\ e
by — £ (%)‘ < Cle) ;ac ) , for any x € BI, (A.10)
where 1), and I, are defined in the proof of Proposition A.4 .

Proof of Lemma A.7. Since B > colog N, we have B > 1 for sufficiently large N. Recall that
c1 =c¢p/4>4. Let D := cylog N where ¢ > 0 is a small constant specified later and without loss
of generality it is assumed that D is an integer. Throughout the proof we will use C1,Cy,--- to
denote positive constants independent of (B, ¢y, c2). For m = 1 it follows from Lemma A.3 that
there exist coefficients {a1 4}%_, such that

D VAN @32x 4oy [ on

- A=) <o =
;‘“vd( )i =G D 3¢y \| Blog N

for all A € I]. If m > 2, it follows from Lemma A.3 that there exist coefficients {am,d}g:o such that

D 1
1001 C1 (m — 7) 100101 4
- E m A— )\m d < : < 9>
- a ,d( ) | — 302 B — CQB m 3

where the last inequality follows from m > 2. Then it follows from m < % +1/ & log ~ forall A € I,

that
D
1001 Cl)\
— mdN = Am)? < .
> omar =)l < \ Bos N

Combining the above cases, it follows that form =1,...,M and X € I],

D
\/ A
=3t = A < 100 Y .
d:()a ’d( )l = ! cy \| Blog N

As a sequence, it follows that for A € I},

D
5cymlog N (2 404
=S g = M) < e ((\ md(A = Am) 3 '
%a dl ) <A — £(Am)| + [€( Za d( | B (3 czlogN>

Moreover, applying Lemma A.4 on the shifted mterval I, — A\, gives that for d=1,2,--- , D

2 4C4 5cimlog N\ ' ¢
mdl =9 5 2 Ne.
la ’d‘_9<3+0210gN) (3 B

As for d = 0, choosing A = A, in the above inequality gives amo < [€(Ap)] + 20C) %Z’; <1+
2001 /i

BlogN*
Next we write the above polynomial as a linear combination of Poisson polynomials. Since

3 (x_’:d!)!Bd - P(Poi(B)) = z) = \
x=0
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where y! := oo for y < 0, we have

D 00
> ama(X = Am)? =Y i P(Poi(BA) = x),
d=0 =0

&g
Where b;. = ZdD:O am?d Zglzo ((;l,)(_Am)d d (ac—dj’w
In other words, the inequality holds for the coefficients {0%}22,. Now we define {b,}22, to be
the truncated version of {b}}52 :

by =b%-1(x € BI).
Clearly b, = 0 for all ¢ BI/. By Lemma A.6, ford =1,2,--- , D,

i rd x!
y yd=d :
2 () g

d
log N)(1 log N .
<8 max{clmlBogN’ 1+02é0gN’ m\/(Cl og N)(14-c2log )}) ifr e BIZ.L

B

<
- d
(8 max {‘E - )\m| /4, HCQéOgN, my/ (e log Né(HCQ log IV) }) otherwise.

Suppose c2 < ¢1. Then for N > exp(1/cq), it follows that calog N > 1 and hence

1+ calog N < 2colog N < 2cimlog N and m+/(c1log N)(1 + czlog N) < 201mlogN.

B - B - B B - B
Therefore,
d
by <d>(—>\m)d_d/x! < (eempER ) it e By,
d/ —
d'=0 d’ (z —d)'B (8 ‘% — )\m‘)d otherwise.

Hence, for x € BI)!,, we have

17 (2 40 a— ,
by — amol = IbX —amol < = | = log N - 2 ) N°¢2,
| a0l = bz = am.o| B (3+0210gN> c1iog ( cllogN+ )

Since co < ¢1 and colog N > 1, it follows that ¢ log N > 1 and hence

(Va +1)N*e
B )

2
Ibe — ol = |65 — amo| < 3cy (3 +4cl> ~

for N sufficiently large (depending on c3).
Moreover, for any x € BI/,

T c1 (\/:E +1)log N
— — < —_— ~y @ =2
|am70 Y4 ( ) | (801 + 40C, Cz)

and therefore a triangle inequality gives the inequality (A.10).
As for the other inequality (A.9), by triangle inequality it suffices to prove that

> b3l P(Poi(BA) = 2) = O(N™'), for any X € I},.
x¢BI

To prove the last display, first note that for = ¢ BI we have
|x — BAp| > 2¢ymlog N
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and

2 404 7|x_B>‘m’ b
b < C 17( = N\ TN
b7 < C(cr,c2) + (3 + 2 logN> ( c1BA,logN )

where C(c1, ¢2) is a constant depending on ¢y, co. Futhermore, by the Chernoff bound (Lemma A.5),
we have

P(Poi(B)) = ) < exp (-iu _ B <‘x;j” A 1>> .

Since for all A € I/, and x ¢ BI! we have |z — BA| > 4cymlog N and BA < 4cym?log N, it follows
that |z — BA|/(BA) > 1/m and hence
1 — BA
P(Poi(B\) =) <exp | —=-c1logN - _ e BAl_ .
6 veiBAy log N
Moreover, the assumption x ¢ BI/ implies that |z — B\, |/v/c1BAylog N > 2 > 0. Consequently,
whenever \ € I, and = ¢ BI/!, we have
> b P(Poi(BA) = x)
x¢BI,
_ — BA\p| 1 |z — BA|
< 2C(cr, ) N—01/3 C 10cylog N -log —E=BAml 1 oo, 2=BAL
< 20(er e2) + D Crewp < BN B log N 6 L e Bamlog N
x¢BI!,
where the first term in the last display follows from (A.6) and Cj in the second term is a positive
constant which doesn’t depend on c¢;. Then by choosing ca > 0 small enough we arrive at an

exponent= (—%cl log N%). It follows from |z — B\, |/vc1BAmlog N > 2 > 0 that

> b3 P(Poi(BA) = z) < 2C(cy, ) N~/ 4+ CsN 721/ T = O(N72/T) = O(N ), for ¢; > 4.
x¢BI,

This completes the proof. O

B Implementation details in Section 5

Let n; = 13 and no = 10 denote the number of subjects in ASD and control groups respectively
and n = 23 represent the number of total subjects. Since 99 percent of {Xz-(f)/rl(]’?),i € [Njil,j €
[ng], k € [K]} for 100 genes are smaller than 15.09, we choose B = 20. We use VEM to compute
NPMLEs with a stop tolerance 0.01. The testings with covariance adjustments TZ and T} h,7Z are
conducted by R package “ideas” by Sun and Zhang with 10°> Monte Carlo simulations.

To account for covariates, the pseudo-F' statistics described in Section 2 has to be changed a
little bit. Let D,, be the n by n distance matrix corresponding to the mixing distributions, with
each entry equal to the squared W; distance between the two corresponding NPMLEs, and let

1 1
G, = <In — 1n12> A, <In — 1n1n> ,
n n

be the Grower’s center matrix of A,,, where A,, := —(1/2)D,,, 1,, := (1,1,...,1)7, and I, stands
~—

n
for the n-dimensional identity matrix. Note that G, may have some negative eigenvalues, and we
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set those negative eigenvalues to 0. Let Z be an n by 5 matrix consisting of diagnostics (1 as ASD
and 0 as control), age, sex, seqbatch, and RIN. Let Hyz be the hat matrix Hy := Z(ZTZ)_IZT.
Then the new F-statistic accounting for covariates is
tI‘(HzGHz)
tr((I-Hz)G(I - Hg))’

where tr(-) denotes the trace of a matrix. To implement the permutation test, we permute the

Fy = (B.1)

variable “diagnostics” with all the rest covariates fixed and accordingly generate a new data matrix
Z™. The corresponding F'-statistic is denoted by F7; and the p-value is

the number of permutations 7 such that ﬁg > ﬁZ

B.2
the number of all possible permutations 7 (B.2)

When replacing the distance matrix D,, by the corresponding Poisson-smoothed version, the
corresponding p-value is

the number of permutations 7 such that F n = ﬁh’ A

B.
the number of all possible permutations 7 ’ (B.3)

where F}, 7 and F} , are the Poisson-smoothed versions of Fz and F7.

The above two testing procedures are abbreviated as fZ and fh, 7.
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